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ABSTRACT
The d i r e c t i o n a l  r e f l e c t a n c e  in  th e  p la n e  o f  i n c id e n c e ,  from a  
s t a t i s t i c a l l y  c o n s t r u c te d  rough s u r f a c e ,  i s  i n v e s t i g a t e d .  The V-groove 
c h a r a c t e r  o f  th e  s u r f a c e  geom etry  i s  assumed d e s c r i b a b l e  by th e  RMS peak  
t o  v a l l e y  and  RMS peak to  peak  d im e n s io n s ,  a  and a ,  r e s p e c t i v e l y .  The 
peaks of th e s e  s u r f a c e s  a r e  assumed to  be rounded , dependen t  on a p a r a ­
m e te r  p.
The a n a l y t i c a l  approach  o f  t h i s  i n v e s t i g a t i o n  in v o lv e s  a  Monte 
C a r lo  te c h n iq u e  o f  fo l lo w in g  an e n e rg y  b u n d le  a s  i t  i s  r e f l e c t e d  abou t  
th e  rounded V -groove, obey ing  th e  r u l e s  o f  g e o m e t r i c a l  o p t i c s  and thus  
i n c lu d e s  m u l t i p l e  r e f l e c t i o n s .  The peak to  v a l l e y  and peak  to peak 
d im ensions  a r e  assumed to  be R a y le ig h  d i s t r i b u t e d  random numbers, thus  
each  energy  bundle  e n c o u n te r s  e s s e n t i a l l y  a d i f f e r e n t  s u r f a c e .  Tlie con­
c e p t  o f  a  l o c a l i z a t i o n  c i r c l e ,  whose r a d i u s  i s  th e  w a v e len g th  o f  the  
i n c i d e n t  r a d i a t i o n  i n  the p la n e  o f  i n c id e n c e ,  i s  u sed  in  an a t te m p t  to  
r e s t r i c t  r e g i o n s  o f  t h e  rounded V-groove from, f i r s t  i n c id e n c e .  Upon 
e sca p e  o f  th e  energy  b und le  from th e  rounded V -groove, i t s  a n g le  o f  
e sc a p e  i s  c a t e g o r i z e d  in to  a n g u la r  r e g io n s .
The r e s u l t s  o f  t h i s  a n a l y s i s  a re  g r a p h i c a l l y  compared to  pub­
l ished!  ejKperimemtal d a t a  o f  o t h e r  i n v e s t i g a t o r s .  I t  i s  e v id e n t  from 
these ,  com parisons  t h a t  t h i s  a p p ro a c h  y i e l d s  a c l o s e  a p p ro x im a t io n  to  
e x p e r im e n ta l  d h t a  u n d e r  v a r i a t i o n s  o f  t h e  a n g le  o f  i n c id e n c e  and  th e
i v
wavelength of the incident radiation.
TABLE OF CONTENTS
Page
LIST OF TABLES.....................................................................................................  v i i i
LIST OF FIGURES  ................................................................................... ix
LIST OF SYMBOLS...........................................................  x i i
C hap te r
I .  INTRODUCTION.......................    1
I I .  BACKGROUND............................................................................................ 7
D e f i n i t i o n s  ......................................................................................  7
Approach o f  D a v i e s ......................................................................  10
Approach o f  P o r t e u s ......................................................................  11
Approach o f  Beckmann . . . . . . . .  .................................  12
Comparison o f  th e  Three M o d e l s ..........................................  13
S u rface  C h a r a c t e r i s t i c s  . ..........................................  . . .  15
I I I .  DISCUSSION OF S T A T IS T IC S .........................................................  18
IV. ANALYTICAL MODEL.............................................................................  22
S u rface  C o n s t ru c t io n  .................................................................... 22
P e n e t r a t i o n ........................................................................................  30
F i r s t  In c id e n c e  P r o b a b i l i t y  ...................................................  40
F i r s t  I n c id e n c e  P o i n t .................................................................  46
R e f le c te d  D i r e c t io n s  ..........................    51
Model C h a r a c t e r i s t i c s ...............................................................  52
C l o s u r e .................................................................................................. 60
V. COMPARISON OF MODEL TO EXPERIMENTAL RESULTS . . . .  61
E x p er im en ta l  C o n s id e ra t io n  ...................................................... 61
Examples f o r  C o m p a r i s o n .............................................................  67
C l o s u r e .................................................................................................. 77
VI. FINAL STATEMENTS............................................................................  81




A. D i f f r a c t i o n  Theory ................................................................... 91
B. R ay le igh  D i s t r i b u t i o n  D is c u ss io n  ...................................  96
C. MGR Computer P r o g r a m ................................................................... 101
D. D e te rm in a t io n  o f  th e  I n - s u r f a c e  P a ram e te rs  . . . 128
vii
LIST OF TABLES
Tabl e  Page
5-1 Example E r r o r  Band o f  MGR f o r  90% C onfidence
L evel and  10 ,000  S a m p l e s ....................................................................... 80
6-1 E x p e r im en ta l  and  MGR P a r a m e t e r s ..........................................................82
B-1 C um ulative  R a y le ig h  D i s t r i b u t i o n  Used i n  MGR
and the  I d e a l .........................................................................................  99
viii
LIST OF FIGURES
F ig u re  Page
2-1  Geometry Used i n  R e f le c ta n c e  M e a s u r e m e n ts ...........................  8
4-1  B a s ic  V -groove Geometry ................................................................... 24
4 -2  Geometry o f  L e f t  S ide  o f  th e  Rounded V-groove . . . .  26
4 -3  Geometry o f  R ig h t  S ide  o f  th e  Rounded V-groove . . .  28
4 -4  Geometry u sed  in  th e  D e f i n i t i o n  o f  P ( L I M ) ..............  31
4-5  R e la t i o n  of P(LIM) and a / a ................................................. 31
4 -6  I l l u s t r a t i o n  o f  V ar ious  Unusual G eom etries
E n co u n te red  When P < P (L IM ) ..........................................................  32
4 -7  Geometry Used in  D e f in in g  th e  P e n e t r a t i o n  Depth 
f o r  * 3  2  -  01 and X 3 ..........................................
4 -8  Geometry Used i n  D e f in in g  th e  P e n e t r a t i o n  Depth
f o r  i|, ^  I  -  8 ]̂  and X s  X^^
4 -9  Geometry Used in  D e f in in g  th e  P e n e t r a t i o n  Depth 
f o r  ♦ 2  2  -  e j  and X s  ..........................................
4 -13  Geometry Used f o r  th e  D e f i n i t i o n  o f  th e  S ide  o f  
F i r s t  I n c id e n c e  P r o b a b i l i t y  f o r  t  ^  ^  - •
4 -1 4  Geometry Used f o r  th e  D e f i n i t i o n  o f  t h e  S ide  of




4 -10  Geometry Used i n  D e f in in g  th e  P e n e t r a t i o n  Depth
f o r  ^ >  f  -  and X^^^ 2 > ^  > V x ...........................................
4 -11  I l l u s t r a t i o n  o f  F o rb idden  R egions ..........................................  39





4-15  I l l u s t r a t i o n  o f  Geometry In v o lv e d  When There i s
a Shadow Boundary and > \ | f .......................................................  44
4-16  I l l u s t r a t i o n  o f  Geometry In v o lv ed  When There i s
a  Shadow B o u n d ary  and  <  \j; 44
4-17 P ( l e f t )  v e r s u s  i(t w i th  a / a ,  and o / \  a s  P a ra m e te r s  . • 45
4-18  Geometry Used in  D e f in in g  th e  F i r s t  P o in t  o f
I n c id e n c e  on th e  R igh t  Side o f  th e  Rounded 
V - g r o o v e ............................  47
4-19  Geometry Used i n  D e f in in g  F i r s t  P o in t  o f  In c id e n c e
on L e f t  S ide  o f  Rounded V-groove
^ ^  -  8^ .............................................................................................  50
4-20  Geometry Used in  D e f in in g  F i r s t  P o in t  of In c id e n c e
on L e f t  S ide  o f  Rounded V-groove
ijf >  ^  -  0 j ^ .............................................................................................  50
4-21  I l l u s t r a t i o n  o f  V a r ia t io n  o f  R e f le c te d  D i s t r i b u t i o n
a s  F u n c t io n  o f  a / X ..........................................................................  56
4-22  I l l u s t r a t i o n  o f  V a r ia t io n  o f  R e f le c te d  D i s t r i b u t i o n
a s  a F u n c t io n  o f  o / a ......................................................................  57
4-23  I l l u s t r a t i o n  o f  V a r i a t i o n  o f  R e f le c te d  D i s t r i b u t i o n
a s  a  F u n c t io n  o f  P ........................................................................... 58
4 -24  I l l u s t r a t i o n  o f  V a r i a t i o n  o f  R e f le c te d  D i s t r i b u t i o n
a s  a F u n c t io n  o f  Angle o f  I n c i d e n c e .................................  59
5-1  I l l u s t r a t i o n  o f  D e t e c t io n - I l l u m i n a t i o n  C o n d i t io n s  . • 63
5-2  Geometry Used in  Uniform B eam -F in ite  R e c e iv in g
A p e r tu r e  D i s t o r t i o n  C a l c u l a t i o n  ............................................  65
5 -3  I d e a l  D e t e c t o r  R esponses  Due to  F i n i t e  A p e r tu r e s  . . 65
5 -4  G ra p h ic a l  Comparison o f  Raw Data o f  B irk eb ak  and
MCR O utpu t  .  ....................................................................................  68
5-5  G ra p h ic a l  Comparison o f  Raw Data o f  B irk eb ak  and
MCR O u t p u t .............................................................................................  68
5 -6  G ra p h ic a l  Comparison o f  Raw Data o f  B irk eb a k  and
MCR O u t p u t .............................................................................................  69
X
Figure Page
5-7  G ra p h ic a l  Comparison o f  Raw Data o f  B irk eb ak  and
MCR O u t p u t .............................................................................................  69
5-8 G ra p h ic a l  Comparison o f  Raw Data o f  B irk eb a k  and
MCR O u t p u t .............................................................................................  70
5-9 G ra p h ic a l  Comparison o f  Raw Data o f  T o rrance  and
Sparrow and MCR O u t p u t .................................................................  72
5-10 G ra p h ic a l  Comparison o f  Raw Data o f  T o rran ce  and
Sparrow and MCR O u t p u t .................................................................  73
5-11 G ra p h ic a l  Comparison o f  Raw Data o f  H ero ld  and
Edwards and MCR O utpu t....................................................................  75
5-12 G ra p h ic a l  Comparison o f  Raw Data o f  H e ro ld  and
Edwards and MCR O utpu t....................................................................  76
5-13 G ra p h ic a l  Comparison o f  Raw Data o f  F r a n c i s  and
MCR O utpu t  ........................................................................................  78
5-14  G ra p h ic a l  Comparison o f  Raw Data o f  F r a n c i s  and
MCR O u t p u t .............................................................................................  78
5-15 G ra p h ic a l  Comparison o f  Raw Data o f  F r a n c i s  and
MCR O u t p u t .............................................................................................  79
5-16  G ra p h ic a l  Comparison o f  Raw Data o f  F r a n c i s  and
MCR O u t p u t .............................................................................................  79
A-1 I l l u s t r a t i o n  o f  The H uygen-F resne l P r i n c i p l e  . . . .  92
C-1 F low chart  o f  M CR.........................................................................................105
D-1 Schematic of Rough S u r f a c e ...........................................................   129
xi
LIST OF SYMBOLS
a = Peak to  peak dimension
a = RMS peak t o  peak dimension
a ' = a u to c o v a r ia n c e  len g th
A = m acroscop ic  s u r f a c e  a r e a
A' = p r o j e c t e d  m acroscop ic  s u r f a c e  a re a
Â = a r b i t r a r y  c o e f f i c i e n t  i n  smoothness fu n c t io n  F
b , = r a d i u s  of c u rv a tu re  o f  rounded p o r t io n
c = le n g th  of s l a n t e d  s id e  o f  V-groove
(c ,b )  = h o r i z o n t a l  and v e r t i c a l  c o o rd in a te s  o f  c e n te r  o f
c u r v a tu r e  o f  l o c a l i z a t i o n  c i r c l e
E = r a d i a n t  e n e rg y  (w a t ts )
2F = r a d i a n t  f l u x  (w a tts /cm  )
F = smoothness f u n c t io n
Fjj = n o rm a lized  d e t e c t i n g  a r e a
H. = c e n t e r  o f  c u rv a tu re  f o r  i^^  s id e  rounded p o r t i o n
h = p e n e t r a t i o n  dep th
z e t i 
o f  V-groove
2
H' = i r r a d i a n c e  (w a tts /cm  )
2
I  = i n t e n s i t y  ( w a t t s / s r  cm )
j  = r a d i a n t  i n t e n s i t y  ( w a t t s / s r )
N(ÿ; 0 /p )  = number o f  energy  b u n d le s  r e c e iv e d  abou t  th e  d i r e c t i o n
(0 ,cp) when \)f i s  th e  a n g le  o f  inc idence
xii
(n ,n  ) = h o r i z o n t a l  and v e r t i c a l  components o f  normal to
^ ^ l e f t  s id e  o f  V-groove
(N ,N ) = h o r i z o n t a l  and v e r t i c a l  components o f  normal to
^ ^ r i g h t  s id e  o f  V-groove
p = p r o b a b i l i t y  o f  s u c c e s s  in  B e r n o u i l l i  t r i a l
P = roundedness  p a ra m e te r
P(LIM) = l i m i t i n g  v a lu e  o f  P f o r  b a s i c  s u r f a c e  c o n f i g u r a t io n
P ( l e f t )  = p r o b a b i l i t y  t h a t  f i r s t  in c id e n c e  i s  on l e f t  s id e  o f
rounded V-groove
2
Q = r a d ia n c e  ( w a t t s / s r  cm )
Ra = random number
TJi 1 1 mabn v ^v_v^ =R = random number t h a t  w i l l  ake y ^ ( x ,y )   y ^ ( x ,y )
= V-groove v e r t e x  p o s i t i o n  
X * .  = h o r i z o n t a l  c o o r d in a te  o f  th e  i n t e r s e c t i o n  o f  th e1 p e n e t r a t i o n  d e p th  and i - t h  s id e  o f  rounded V-groove
( x . , y . )  = t r a n s i t i o n  p o i n t  from rounded  to  s t r a i g h t  p o r t i o n  o f
^ th e  i - t h  s id e  o f  rounded  V-groove
(x^ ,y ^ )  = shadow boundary  on r i g h t  s id e  o f  V-groove
( x ' , y ' )  = shadow boundary  on l e f t  s i d e  o f  V-groove
(x ,y )  = p o i n t  o f  i n t e r a c t i o n  o f  e n e rg y  bund le  and rounded
V-groove
y^ (x) = e q u a t io n  o f  l e f t  s id e  o f  V-groove
y 2 (x) = e q u a t io n  o f  r i g h t  s id e  o f  V-groove
y^ (x) = e q u a t io n  o f  rounded  p o r t i o n  on l e f t  s id e
y^ (x) = e q u a t io n  o f  rounded  p o r t i o n  on r i g h t  s id e
y ^  (x) = e q u a t io n  o f  t h e  l i n e  o f  in c id e n c e  t h a t  w i l l  i n t e r ­
s e c t  th e  rounded  V-groove a t  th e  l e f t  e x tre m e ,  on 
s id e  o f  V-groove
y ^ ( x )  = e q u a t io n  o f  t h e  l i n e  o f  in c id e n c e  t h a t  w i l l  i n t e r ­
s e c t  th e  rounded  V-groove on th e  r i g h t  ex trem e ,  
on e i t h e r  s id e  o f  th e  V-groove
xiii
y  (x) == e q u a t io n  o f  th e  l i n e  o f  in c id e n c e  t h a t  w i l l  i n t e r -
"  s e c t  th e  rounded V-groove on e i t h e r  s id e  o f  the
V-groove a t  (x ,  y)
y^ (x) = e q u a t io n  o f  th e  l i n e  o f  in c id e n c e  t h a t  i s  randomly
s e l e c t e d  t o  be between^^y^ (x) a n d ^ ^ ^  (x)
3 = a n g le  m easured from n a d i r  o f  c e n te r  p o i n t  o f
l o c a l i z a t i o n  c i r c l e  to  (%/, y^)
9 = a n g le  o f  r e l e c t i o n ( i n  d e g re e s )
-1
0^ = t a n  ( s lo p e  o f  i - t h  s id e  o f  V-groove)
X = w a v e len g th  o f  i n c i d e n t  e ne rgy  bund le
= maximum w a v e len g th  o f  l o c a l i z a t i o n  c i r c l e  f o r  th e  
th e  r a d i u s  o f  th e  c i r c l e  to  be p e r p e n d i c u l a r  t o  th e  
s id e  o f  th e  V-groove
p. = m ic ro n  (10 ^ m)
TT = 3 .14159
p = r e f l e c t a n c e
a  = p eak  to  v a l l e y  d im ension
a  = RMS p eak  to  v a l l e y  d im ension  (roughness)
= RMS o p t i c a l  roughness
cp = a z im u th a l  a n g le  o f  r e f l e c t e d  energy  m easured  from th e
p la n e  o f  in c id e n c e
ijt = a n g le  o f  in c id e n c e  ( in  d e g re e s )
= a n g le  o f  t a n g e n t i a l  in c id e n c e  a t  th e  p o i n t  (x* , h)
du)  ̂ = i n c r e m e n ta l  s o l i d  a n g le
s u b s c r i p t s
ba = b i a n g u l a r
d = d i f f u s e
s = s p e c u l a r
1 = l e f t  s id e
2 = r i g h t  s id e
X I V
INVESTIGATION OF EFFECTS OF SURFACE ROUGHNESS 
UPON REFLECTANCE
CHAPTER I  
INTRODUCTION
This r e s e a r c h  i s  d i r e c t e d  toward th e  q u e s t io n  o f  why s u r f a c e s  
r e f l e c t  a s  t h e y  do. I t  i s  assumed once t h i s  i s  u n d e rs to o d ,  a c c u r a t e
t h e o r i e s  may be  d e v e lo p e d  to  d e s c r ib e  the  r e f l e c t a n c e  ( th u s  e m i t t a n c e  
p r o p e r t i e s  ( 1) )  o f  s u r f a c e s  a s  f u n c t io n s  o f  s u r f a c e  geom etry , b o th  l a r g e  
and sm a ll  s c a l e ,  and e l e c t r i c a l  p r o p e r t i e s  a s  w e l l  a s  th e  a n g le s  o f  
i r r a d i a t i o n  and  o b s e r v a t i o n .  The q u e s t io n  o f  how t h e s e  c h a r a c t e r i s t i c s  
sh o u ld  be d e f i n e d  i s  d i r e c t l y  l in k e d  t o  what c h a r a c t e r i s t i c s  can be  
m easured  w i th  c o n f id e n c e .  Thus th e  d e c i s io n  must b e  made as to  w hat to  
m easure  and how to  m easu re  i t .  The work r e p o r t e d  h e r e i n  i s  an a t t e m p t  
to  d e te rm in e  th e  e f f e c t s  o f  s u r f a c e  c h a r a c t e r i s t i c s  upon r e f l e c t e d  e n e rg y  
d i s t r i b u t i o n s ,  th e r e b y  i n d i c a t i n g  what s u r f a c e  p r o p e r t i e s  shou ld  be 
m easu red .
C l a s s i c a l l y  t h e r e  a r e  two ex trem es f o r  c l a s s i f i c a t i o n  o f  r e ­
f l e c t e d  en e rg y :  t h e  s o - c a l l e d  " s p e c u la r "  and th e  " d i f f u s e " .  The 
s p e c u l a r  ( h e r e a f t e r  r e f e r r e d  to  a s  " r e g u l a r " )  r e s u l t s  when r a d i a n t  
e n e rg y  s t r i k e s  a  smooth s u r f a c e .  A cadem ica l ly ,  "smooth" im p l ie s  th e  
s u r f a c e  i s  e x a c t l y  f l a t  w i th  no sm a l l  s c a l e  v a r i a t i o n s .  The F r e s n e l  
laws o f  r e f l e c t i o n  and r e f r a c t i o n  d i s c u s s e d  in  a l l  s ta n d a r d  o p t i c s
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t e x tb o o k s  (2) a p p ear  to  a d e q u a te ly  d e s c r i b e  the  f r a c t i o n s  o f  th e  I n c id e n t  
r a d i a t i o n  t h a t  a r e  r e f l e c t e d  and r e f r a c t e d .  That i s ,  i n  th e  p la n e  o f  
in c id e n c e  th e  a n g le  o f  in c id e n c e  e q u a l s  th e  a n g le  o f  r e f l e c t i o n  and the 
r e f r a c t e d  a n g le  i s  r e l a t e d  to  th e  i n c i d e n t  a n g le  by S n e l l ' s  law. I t  i s  
i n t e r e s t i n g  to  n o te  t h a t  the  r e g u l a r  r e f l e c t i o n  r u le  was s t a t e d  more than  
650 y e a r s  ago ( 3 ) .  Tlius i f  i t  were p o s s i b l e  to  have a "smooth" s u r f a c e ,  
th e  s u r f a c e  would a p p e a r  d a rk ,  e x c e p t  when view ed a t  th e  a n g le  o f  r e f l e c ­
t i o n  and  the  f r a c t i o n  o f  energy  r e c e iv e d  would be  t h a t  d e s c r ib e d  by 
F r e s n e l ' s  Law. In  a c t u a l i t y  t h i s  i s  n e v e r  o b t a in a b le  s in c e  the  r a d i a n t  
energy  i s  s c a t t e r e d  by i m p u r i t i e s  t h a t  form on th e  s u r f a c e  ( d u s t ,  o x id e s ,  
e t c . ) .
In  g e n e r a l ,  s u r f a c e s  o f  i n t e r e s t  a r e  not smooth b u t  e x h i b i t  some 
form o f  w av iness  o r  i r r e g u l a r i t y .  T h is  i r r e g u l a r i t y  r e s u l t s  in  a  s p r e a d ­
ing  o f  th e  r e f l e c t e d  ene rgy  d i s t r i b u t i o n .  At t h i s  p o i n t ,  a  s ta te m e n t  
need be made which i s  b a sed  on e x p e r im e n ta l  ev idence  a b o u t  th e  s i z e  of 
th e  i r r e g u l a r i t i e s  a s  compared to  t h e  w ave leng th  o f  th e  in c id e n t  r a d i a t i o n .  
T h is  r u l e  i s  g e n e r a l l y  s t a t e d  a s  f o l lo w s :  i f  the  i r r e g u l a r i t i e s  a r e  ve ry  
sm a l l  compared to  th e  w ave leng th  o f  th e  i n c i d e n t  r a d i a t i o n ,  th e  m a j o r i t y  
o f  th e  r e f l e c t e d  energy  w i l l  be o f  t h e  r e g u l a r  form and a s  th e  r e l a t i v e  
s i z e  o f  i r r e g u l a r i t i e s  i n c r e a s e s ,  t h e  sp re a d in g  o f  th e  r e f l e c t e d  e ne rgy  
w i l l  i n c r e a s e .  Thus in  a  p r a c t i c a l  s e n s e  a l l  i r r e g u l a r i t i e s  need n o t  be 
removed b e fo r e  a s u r f a c e  w i l l  e x h i b i t  s t r o n g  r e g u la r  r e f l e c t i o n  c h a r a c ­
t e r i s t i c s .
When r a d i a n t  energy  i s  i n c i d e n t  on a  s u r fa c e  t h a t  may be c h a r a c ­
t e r i z e d  as i r r e g u l a r  ( u s u a l ly  r e f e r r e d  t o  a s  a m a t t  s u r f a c e ) ,  th e  i n c i d e n t  
e ne rgy  i s  s c a t t e r e d  in  a l l  d i r e c t i o n s  to  v a ry in g  d e g re e s  and in  t h e  case
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o f  a p p r o p r i a t e l y  s iz e d  i r r e g u l a r i t i e s ,  ve ry  l i t t l e  or no t r a c e  o f  the  
r e g u l a r  component may be found . This  i s  u s u a l l y  r e f e r r e d  to  a s  " d i f fu s e
r e f l e c t i o n " ,  t h a t  i s ,  a l l  çhe i n c i d e n t  r a d i a t i o n  i s  r e f l e c t e d  and r e ­
f r a c t e d  in  a l l  d i r e c t i o n s .
In  th e  d i s c u s s io n  t h a t  fo l lo w s ,  t h i s  c irc u m s tan c e  w i l l  be r e ­
f e r r e d  to  as  n o n - r e g u la r  r e f l e c t i o n  and th e  word " d i f f u s e "  w i l l  be 
r e s e r v e d  f o r  a  s p e c i a l  c a se  o f  n o n - r e g u la r  r e f l e c t i o n .  Note t h i s  t e r ­
minology e l i m i n a t e s  th e  req u irem e n t  t h a t  a l l  i n t e r a c t i o n  need ta k e  p lace  
a t  th e  s u r f a c e .  Thus when n o n - r e g u la r  r e f l e c t i o n  i s  o b se rv e d ,  th e  energy 
re c e iv e d  may r e s u l t  from r e f l e c t i o n s  and r e f r a c t i o n s  o f  th e  energy  w i th ­
i n  th e  m a t e r i a l  a s  w e l l  a s  r e g u l a r  r e f l e c t i o n  between th e  s u r f a c e  i r r e g u ­
l a r i t i e s .  This  s ta te m e n t  assumes th e  e m i t te d  energy  i s  n e g l i g i b l e .
The word " d i f f u s e " ,  when u sed  in  t h i s  d i s c u s s io n ,  w i l l  r e f e r  to 
t  '.e n o n - r e g u la r  r e f l e c t i o n  c o n d i t io n  when the  s u r fa c e  e x h i b i t s  r e f l e c t e d  
f l u x  c h a r a c t e r i s t i c s  t h a t  a r e  independen t  o f  t h e  a n g le s  o f  o b s e rv a t io n  
( th e  s u r f a c e  a p p e a r s  e q u a l l y  b r i g h t  in  a l l  d i r e c t i o n s ) . To be e x p l i c i t ,  
assume un ifo rm , u n i d i r e c t i o n a l  i r r a d i a n c e ,  H ' , i n c i d e n t  upon a s u r f a c e  
e lem ent dA. Thus th e  e n e rg y  i n t e r a c t i n g  w ith  th e  s u r f a c e  in  dA i s
dE = H' co s  ijf dA .
The r a d i a n t  i n t e n s i t y  upon r e f l e c t i o n  i s  
d j  = — dE cos 8
TT
where R i s  a r e f l e c t i o n  c o e f f i c i e n t .
RH'So d J  = —̂  dA co s  t|f cos 0 ,
Thus th e  a p p a re n t  r a d ia n c e  i s  
_ dJ  dJ RH' .
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dA' i s  th e  p r o j e c t e d  a r e a  i n  t h e  d i r e c t i o n  o f  0 . This  r e s u l t  i s  u s u a l ly  




c h a r a c t e r i s t i c  i s  c a l l e d  d i f f u s e ,  L a m b e r t i a n ,  o r  L a m b e r to n io n .  The d e ­
c e p t i v e  s i m p l i c i t y  o f  t h i s  r e l a t i o n  h a s  r e s u l t e d  in  i t s  w id e s p r e a d  u s e  
an d  g e n e r a l  a c c e p t a n c e .
No r e a l  s u r f a c e  has  been found to  e x h i b i t  an i n t e n s i t y  o r  f lu x  
p a t t e r n  in  a cco rd an ce  w i th  p r e d i c t i o n s  b a ses  on t h i s  law. In  f a c t  th e  
r a d i a t i o n  r e f l e c t e d  from most m a t t  s u r f a c e s  d e v ia t e s  c o n s id e r a b ly  from 
such p r e d i c t i o n s ,  e x c e p t  f o r  ve ry  l im i t e d  ran g es  o f  i|; and 6 ( 5 -  2 0 ) .  
R e c o g n iz in g  th e  f a i l u r e  o f  L a m b e r t 's  Law, some i n v e s t i g a t o r s  have con­
s i d e r e d  th e  use  o f  more c o m p lic a ted  e x p r e s s io n s  w hich  c o n ta in e d  a number 
o f  p a ra m e te rs  to  b e  d e te rm in ed  e x p e r im e n ta l l y  (2 1 -  3 1 ) .  As a consequence , 
th e s e  e x p r e s s io n s  can be made to  a g r e e  w i th  a c t u a l  m easured  r e f l e c t e d  
e n e rg y  d a ta  u n d e r  r e s t r i c t e d  c o n d i t i o n s .  The m ajo r  drawback to  t h i s  
ap p ro a c h  i s  t h a t  t h e s e  models a r e  no t  based  upon f i rm  p h y s i c a l  g rounds  
and  i f  th e  p h y s i c a l  model i s  a d e q u a te ,  i t  does n o t  f i t  e x p e r im e n ta l  d a ta  
w e l l .
Thus t h e r e  a p p e a r s  t o  b e  no su ch  t h i n g  a s  d i f f u s e  r e f l e c t i o n  i n  
t h e  s t r i c t  s e n s e  a n d  no s im p le  t h e o r e t i c a l  b a s i s  f o r  t h e  L am bert  Law 
h y p o t h e s i s .  I t s  g e n e r a l  a c c e p t a n c e  h a s  b ee n  due to  t h e  f a c t  t h a t  i t  
d e s c r i b e s  th e  r e f l e c t e d  i n t e n s i t y  p a t t e r n  from m a t t  s u r f a c e s  ( i . e .  no 
p e r c e i v a b l e  r e g u l a r  com ponent) a s  w e l l  a s  an y  o t h e r  o f  t h e  more com­
p l i c a t e d  e x p r e s s i o n s  a s  y e t  r e p o r t e d .  T h e r e f o r e ,  d i f f u s e  r e f l e c t i o n  i s  
j u s t  o n e  l i m i t  o f  n o n - r e g u l a r  r e f l e c t i o n .
S u r f a c e s  o f  e n g i n e e r i n g  i n t e r e s t  e x h i b i t  a  s u p e r p o s i t i o n  o f  
r e g u l a r  an d  n o n - r e g u l a r  r e f l e c t i o n  c h a r a c t e r i s t i c s  t o  v a r y i n g  d e g r e e s  
d e p e n d in g  upon s m a l l  s c a l e  r o u g h n e s s ,  w a v e le n g th ,  e t c .  E x p e r im e n ta l  
i n v e s t i g a t i o n  o f  s u c h  s u r f a c e s  a r e  e x t r e m e l y  d i f f i c u l t  t o  r e p r o d u c e  and
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a n a ly z e  due to  i n s t r u m e n ta t i o n  c o m p l ic a t io n .  That i s ,  t h e r e  i s  a need 
f o r  th e  e x i s t e n c e  o f ,  1) an i n f i n i t e s i m a l ,  h ig h  i n t e n s i t y ,  u n p o la r i z e d  
r a d i a t i o n  s o u r c e ,  2) p e r f e c t  c o l l i m a t o r s ,  and  3) i n f i n i t e s i m a l  b u t  ex­
trem e f a s t  and s e n s i t i v e  d e t e c t o r s .  A ttem p ts  t o  s t a n d a r d iz e  r e f l e c t i o n  
m easurem ent p ro c e d u re s  and c l a s s i f y  r e f l e c t i o n  c h a r a c t e r i s t i c s  o f  a  s u r ­
f a c e  w ith  o n ly  one o p t i c a l  measurement have been  u n d e r ta k e n  f o r  sometime 
(32 -  35) b u t  w i th  l i t t l e  s u c c e s s .  The p h y s i c i s t s  r e f e r  to  m easurem ents 
o f  t h i s  ty p e  a s  d e te r m in a t io n s  o f  m i r r o r  e f f i c i e n c i e s  w h i le  t h e  p sy c h o lo ­
g i s t  c o n s id e r s  th e  p e r c e p tu a l  a t t r i b u t e s  o f  s u r f a c e s .  Some e n g in e e r s  
r e f e r  t o  t h e s e  m easurem ents a s  g lo s s  d e te r m i n a t i o n ,  where g l o s s  i s  d e f in e d  
a s  a  p r o p e r t y  o f  s u r f a c e s  which c a u se s  them to  have a s h in y  o r  m i r r o r ­
l i k e  a p p e a r a n c e .  T h e re fo re ,  g l o s s  i s  th e  d e g re e  to  w hich  a s u r f a c e  
s im u la t e s  a  p e r f e c t  m i r r o r  in  i t s  c a p a c i ty  to  r e f l e c t  i n c i d e n t  r a d i a t i o n .  
A c t u a l l y  t h i s  a p p ro a c h  i s  no t t r u l y  s a t i s f a c t o r y  b ecau se  the  d i s t r i b u t i o n  
o f  th e  r e f l e c t e d  r a d i a t i o n  in  and a d ja c e n t  t o  t h e  m i r r o r  d i r e c t i o n  i s  
too  c o m p l ic a te d  and v a r i e d  to  be compared by a s in g l e  m easurem ent. In  
f a c t  even u n d e r  th e  above d e f i n i t i o n  o f  g l o s s ,  s e v e r a l  d i f f e r e n t  ty p es  
o f  g l o s s  c o u ld  e x i s t ,  f o r  exam ple, o b j e c t i v e  ( s p e c u la r )  - th e  r a t i o  o f  
r a d i a t i o n  r e f l e c t e d  by th e  t e s t  s u r f a c e  i n  th e  s p e c u l a r  d i r e c t i o n  to  
t h a t  o f  some s t a n d a r d  s u r f a c e  under  th e  same c o n d i t i o n ,  and s u b j e c t i v e  
( c o n t r a s t )  - t h e  r a t i o  o f  r a d i a t i o n  s c a t t e r e d  i n  th e  s p e c u l a r  d i r e c t i o n  
to  t h a t  s c a t t e r e d  in  some o t h e r  s p e c i f i e d  d i r e c t i o n .
Ament (36) u se d  th e  s t a t i s t i c s  o f  n o i s e  th e o r y  t o  r i g o r o u s l y  
fo rm u la te  th e  problem  o f  p r e d i c t i n g  th e  s p e c u l a r  ( r e g u l a r )  r e f l e c t i o n  
c o e f f i c i e n t  o f  a p e r f e c t l y  c o n d u c t in g  s u r f a c e .  M a th em atica l  c o m p le x i t i e s  
p re v e n te d  him from o b t a i n i n g  an e x a c t  s o l u t i o n .  F e i n s t e i n  (37) combined
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p h y s i c a l  o p t i c s  and a  s t o c h a s t i c  p r o c e s s  a n a l y s i s  to  i n v e s t i g a t e  s u r f a c e  
r e f l e c t i o n s .  He o b ta in e d  th e  ap p ro x im ate  s o lu t i o n  o f  Ament p lu s  some 
h ig h e r  o r d e r  te rm s .  C om pu ta t iona l  d i f f i c u l t i e s  would p rec lu d e  th e  use 
o f  h i s  r e s u l t .  S p e tn e r  (38) ap p ro a c h e d  th e  problem in  a s t a t i s t i c a l  
f a s h i o n  by assum ing th e  rough s u r f a c e  c o n s i s t s  o f  a l a r g e  number o f  i n ­
dependen t  p o i n t  s c a t t e r e r s .  T h is  th e o ry  i s  r e s t r i c t e d  to  forw ard 
s c a t t e r i n g .
The m ost p h y s i c a l l y  a p p e a l in g  a p p ro a c h  to  t h e  problem o f  d e t e r ­
m in ing  a g e n e r a l  e q u a t io n  to  d e s c r i b e  t h e  r e f l e c t e d  i n t e n s i t y  p a t t e r n  
has  been w i th  th e  use  o f  d i f f r a c t i o n  t h e o r y .  The th r e e  approaches most 
g e n e r a l l y  d i s c u s s e d  in  th e  l i t e r a t u r e  a r e  th o se  o f  D avies (3 9 ) ,  P o r te u s  (40) 
and Beckmann (4 1 ) .  The t h e o r i e s  o f  t h e s e  t h r e e  i n v e s t i g a t o r s  r e s u l t  i n  
th e  e x p r e s s io n s  f o r  th e  f a r  f i e l d  d i s t u r b a n c e  due t o  the  two ty p e  o f  
r e f l e c t i o n  c h a r a c t e r i s t i c s  d i s c u s s e d  p r e v i o u s l y .  T h e o r e t i c a l  i n v e s t i g a ­
t i o n s  o f  th e  n e a r  f i e l d  d i s t u r b a n c e  have a l s o  been c o n s id e re d  (42 -  44) 
b u t  w i l l  no t  be d i s c u s s e d  i n  t h i s  work.
T h ese  a r e  j u s t  a  few o f  t h e  a p p r o a c h e s  t a k e n  in  t h e  s t u d y  o f  
s u r f a c e  r e f l e c t i o n .  B u t t h e s e  do n o t ,  by  a  long  w ay , e x h a u s t  t h e  m o d e ls  
a n d  m ethods  u s e d  i n  a t t e m p t s  t o  s o l v e  t h e  p ro b lem  o f  r e f l e c t i o n  o f  
r a d i a t i o n  from  a  ro u g h  s u r f a c e .
CHAPTER I I  
BACKGROUND 
D e f in i t i o n s
L e t us d i g r e s s  to  c o n s id e r  d e f i n i t i o n s  t h a t  a r e  used in  th e  l i t ­
e r a t u r e  and w i l l  be used  in  th e  fo l lo w in g  d i s c u s s io n .  F ig u re  2 -1  w i l l  be 
h e l p f u l  in  d e f i n i n g  pa ram ete rs  o f  i n t e r e s t .  To d e f in e  a r e f l e c t a n c e ,  
c a re  must be ta k e n  to  rec o g n iz e  the  c h a r a c t e r  o f  the  i n c i d e n t  and r e ­
f l e c t e d  r a d i a t i o n .  C onsider  f i r s t  the  c l a s s i c a l  o r  i d e a l  s i t u a t i o n  o f  
a un ifo rm , m o n o d i r e c t io n a l  i n c i d e n t  f lu x  F. In  th e  s p e c u l a r  c a se  th e  
r e f l e c t a n c e  would be d e f in e d  as  
Fj. (8 , cp)
"s ■  p . ( , )  ■ e = (p .  0
= 0 , e ls e w h e re ,
assum ing th e  d e t e c t o r  a p e r tu r e  was a t  l e a s t  the  s i z e  o f  th e  specim en. The 
s u b s c r i p t s  d e n o te  r e f l e c t i o n  ( r )  and in c id e n c e  ( i ) . I n  th e  n o n - re g u la r  
c a se
J Ij. (0, cp) cos 0 du)̂  
"  F . ( ^ )
where I ^  r e p r e s e n t s  th e  i n t e n s i t y  and dm^ i s  th e  s o l i d  a n g le  o f  obseirva- 
t i o n .  In  b o th  c a s e s  \|i i s  th e  a n g le  o f  i n c id e n c e ,  6 i s  the  p o l a r  a n g le  o f  
r e f l e c t i o n  and cp i s  th e  a z im u th a l  a n g le  o f  r e f l e c t i o n  (measured from the  
p la n e  o f  i n c i d e n c e ) .
F ig u re  2 -1 .  Geometry Used in  R e f le c ta n c e  M easurements
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Most o f  the  e x p e r im e n ta l  a p p a r a tu s  r e p o r t e d  in  t h e  l i t e r a t u r e  
does  not d e a l  w i th  t h e  m o n o d ir e c t io n a l  s i t u a t i o n .  In  f a c t  th e  r a d i a t i o n  
i s  fo cu se d  upon the  t e s t  specim en. Thus the  i n c i d e n t  i n t e n s i t y  i s  d e ­
f in e d  as  "
6F,
^ i  cos  ijr
where i s  th e  s o l i d ' a n g l e  o f  th e  i n c i d e n t  p e n c i l  o f  r a d i a t i o n .  When 
c o n s id e r in g  th e  r e f l e c t e d  r a d i a t i o n  i n t e n s i t y ,  c a r e  m ust be tak e n  to  
d i s t i n g u i s h  between r e g u l a r  and n o n - r e g u la r  ty p e  s u r f a c e s .  For the  non­
r e g u l a r  c a s e ,
AF (ijr; 9 , cp)
“  ' c o s l  t o —  •
Note th e  f l u x  v a r i a b l e  and th u s  th e  i n t e n s i t y  i s  much s m a l le r  than  th e  
c o r r e s p o n d in g  term s would be in  th e  r e g u l a r  ty p e  s i t u a t i o n .  In  th e  c a se  
o f  th e  r e g u l a r  type  s u r f a c e
AFj. (\ji; 0 )
Thus the  r e g u l a r  r e f l e c t a n c e  i s  u s u a l l y  d e f in e d  as
I  (<lr; ÿ, 0)
"s   •
The n o n - r e g u la r  r e f l e c t a n c e  i s  r e f e r r e d  t o  a s  b i a n g u l a r  r e f l e c t a n c e  in  
t h e  l i t e r a t u r e  and th u s  conno te s  th e  s t r i c t  dependence  o f  t h i s  c o e f f i c i e n t
Upon th e  a n g le s  in v o lv e d .  Thus th e  b i a n g u l a r  r e f l e c t a n c e  i s  d e f in e d  a s
Fj. (i|;; 0, cp)
"̂ ba " (*)
I j ,  ( 'il'i 8 ,  c p )
I^  (^)  cos i|r
T h is  d e f i n i t i o n  o f  b i a n g u l a r  r e f l e c t a n c e  le a d s  t o  c e r t a i n  im p o r ta n t
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r e c i p r o c i t y  r e l a t i o n s  d i s c u s s e d  i n  r e f e r e n c e s  (45 - 4 8 ) .
N o te  t h a t  u n d e r  t h e s e  c o n d i t i o n s ,  t h e  b i a n g u l a r  r e f l e c t a n c e  may 
b e  r e l a t e d  t o  t h e  r e g u l a r  r e f l e c t a n c e  from a  n o n - r e g u l a r  s u r f a c e  by
Pg (* ) = Pba c o s  * AuOj. ,
Three p o s s i b i l i t i e s  a r e  a p p a re n t  f o r  th e  p r e s e n t a t i o n  o f  the 
e v a l u a t i o n  o f  r e f l e c t a n c e s ;  1) a b s o lu t e  r e f l e c t a n c e  m easu rem en ts ,  2) 
r e g u l a r  r e f l e c t a n c e  m easurem ents o f  a  specimen r e l a t i v e  to  a s p e c u la r  
r e f l e c t a n c e  m easurem ent from a  h ig h ly  p o l i s h e d  s i m i l a r  specimen or a 
s t a n d a r d ,  and 3) b i a n g u la r  r e f l e c t a n c e  m easurem ents  o f  a specimen r e ­
l a t i v e  to  th e  b i a n g u l a r  r e f l e c t a n c e  m easurem ent i n  a s p e c i f i e d  d i r e c t i o n .  
Method 1) may be ac co m p lish e d ,  b u t  has  a s s o c i a t e d  w i th  i t  an  e x trem e ly  
l a r g e  e r r o r .  Methods 2) and 3) a r e  p o p u la r  in  th e  l i t e r a t u r e  w i th  3) 
b e in g  th e  u s u a l  p r e s e n t a t i o n  ( e . g .  14 ) .
Approach o f  Davies
The app roach  o f  Davies i s  b a sed  on th e  d i f f r a c t i o n  i n t e g r a l  
theorem  o f  H elm holtz  and  K i rc h h o f f  (see  Appendix A) and  l i s t s  a s  i t s  
a s su m p tio n s
1 . th e  s u r f a c e  i s  n o t  so p r e c i p i t o u s  t h a t  
some p a r t s  o f  the  s u r f a c e  a r e  s h i e l d e d  
from t h e  i n c i d e n t  r a d i a t i o n ,
2 . th e  s u r f a c e  i s  made from a p e r f e c t  
c o n d u c to r ,
3 . m u l t i p l e  s c a t t e r i n g  i s  n e g le c t e d ,  and
4 . th e  d i s t r i b u t i o n  o f  th e  h e i g h t s  o f  t h e  
s u r f a c e  i r r e g u l a r i t i e s  i s  G a u ss ia n .
I n  t h i s  work D avies  c o n s id e r s  o n ly  two l i m i t i n g  c a s e s ;  
a/X  < < 1 and a/X > > 1 , where a  i s  th e  RMS h e i g h t  a n d  X i s  th e  wave-
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l e n g t h  o f  t h e  i n c i d e n t  r a d i a t i o n .  In  th e  c a s e  o f  a / \  < < 1, Davies o b ­
t a i n e d  e x p r e s s io n s  f o r  th e  r e g u l a r  and n o n - r e g u l a r  components (h is  words 
were c o h e re n t  and  in c o h e r e n t  co m p o n en ts ) . The n o n - re g u la r  component i s  
o f  th e  form
2
s in  é) + s in ^  0 s in ^  cp]j"
w here  a '  i s  a  s t a t i s t i c a l  f a c t o r  which a i d s  in  th e  d e s c r i p t i o n  o f  the  
s u r f a c e  and i s  c a l l e d  th e  a u t o c o r r e l a t i o n  o r  a u to c o v a r ia n c e  p a ra m e te r .
The r e g u l a r  component i s  o f  the  form
The r e g u l a r  component e x p re s s io n  form was d e te rm in e d  e x p e r im e n ta l ly  in  
1916 (49 , 5 0 ) .  For th e  l a r g e  o p t i c a l  ro u g h n e ss  c a se  (a/X > >  1 ) ,  Davies 
o b t a in e d  th e  same e x p r e s s io n  f o r  th e  r e g u l a r  component, b u t  th e  non­
r e g u l a r  component was o f  th e  form
1 6 tt l ô  )  cos  0  cos ijr [  l à )
2 2 2 T( s in  9 cos cp - s i n  \|,) + s i n  9 s i n  cp 1
2 (co s  0 + cos i|()'^
T n is  l a s t  e x p r e s s io n  i s  th e  f i n a l  form f o r  t h e  n o n - re g u la r  component a f t e r  
a  c o r r e c t i o n  by S p e tn e r  (51 ) .
Approach o f  P o r te u s  
The ap p ro a c h  o f  P o r te u s  i s  s i m i l a r  to  t h a t  o f  Davies and i s  an  
a t t e m p t  to  e x te n d  th e  r e s t r i c t i o n  to  s h o r t e r  w av e len g th s  ( i . e .  a/X <  1)• 
P o r te u s  b e g in s  h i s  work w i th  t h e  F r e s n e l  d i f f r a c t i o n  i n t e g r a l  (see
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A p p e n d ix  A) and  l i s t s  e s s e n t i a l l y  t h e  same a s s u m p t io n s  a s  D a v ie s .  Under 
th e  s e c t i o n  w h ich  P o r t e u s  s t a t e s  a s  "Normal S u r f a c e s "  he a r r i v e d  a t  th e  
same e x p r e s s i o n  f o r  t h e  r e g u l a r  ( c o h e r e n t )  component b u t  t h e  n o n - r e g u l a r  
( i n c o h e r e n t )  com ponent h a s  a d i f f e r e n t  fo rm . I t  i s
] } { - - [ ■  }
w h e re  oi i s  t h e  a n g l e  o f  a c c e p t a n c e  o f  t h e  d e t e c t o r .  T h i s  e q u a t i o n  i s  
s t r i c t l y  t r u e  o n ly  f o r  norm al i n c i d e n c e  ( ^ = 0 ) .
A pproach  o f  Beckmann 
Beckmann s t a r t e d  h i s  a p p r o a c h  w i t h  th e  most g e n e r a l  form  o f  th e  
H e lm h o l tz  -  K i r c h h o f f  d i f f r a c t i o n  i n t e g r a l .  Because  o f  t h e  m ore  e x a c t  
a p p r o a c h  o f  Beckmann, a n  a d d i t i o n a l  a s s u m p t io n  m ust be ad d ed  t o  t h e  l i s t  
u s e d  b y  th e  o t h e r  tw o a p p r o a c h e s  p r e v i o u s l y  d i s c u s s e d .  The a s s u m p t io n  i s  
t h a t  t h e  f i e l d  a t  a n y  p o i n t  o f  t h e  s u r f a c e  may be a p p r o x im a te d  by th e  
f i e l d  t h a t  w o u ld  b e  p r e s e n t  on t h e  t a n g e n t  p l a n e  a t  t h a t  p o i n t .  T hat  i s  
t h e  f i e l d  a t  an y  p o i n t  o f  t h e  s u r f a c e  i s  e x p r e s s e d  a s  t h e  sum o f  t h e  
i n c i d e n t  an d  r e f l e c t e d  f i e l d s  on t h a t  s t r a i g h t  l i n e .  T h i s  a s s u m p t io n  i s  
e x a c t l y  c o r r e c t  f o r  a n  i n f i n i t e  p l a n e  a n d  w i l l  o b v i o u s l y  be  q u i t e  good 
when t h e  r a d i u s  o f  c u r v a t u r e  o f  t h e  i r r e g u l a r i t y  i s  l a r g e  compared to  t h e  
w a v e le n g th  ( i . e .  l o c a l l y  f l a t ) .  B u t  i f  t h e  i r r e g u l a r i t i e s  c o n s i s t  o f  
s h a r p  ed g e s  and  p o i n t s ,  t h i s  t h e o r y  b r e a k s  down.
The g e n e r a l i t y  o f  t h e  a p p r o a c h  o f  Beckmann y i e l d s  a g e n e r a l  
s o l u t i o n  t h a t  w o u ld  b e  e x a c t ,  w i t h i n  t h e  l i m i t  o f  t h e  a s s u m p t i o n s ,  i f  
t h e  s u r f a c e  c o n to u r  was known e x a c t l y .  S im p le  forms may be h a n d l e d ,  b u t  
a c t u a l  s u r f a c e  i r r e g u l a r i t i e s  become m a t h e m a t i c a l l y  u n w ie ld y .  An a l t e r ­
n a t e  a p p r o a c h  i s  t o  u s e  s t a t i s t i c s  i n  a  f a s h i o n  s i m i l a r  t o  t h e  a p p ro a c h e s
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d i s c u s s e d  p r e v i o u s l y .  Thus an a lm os t  m a th e m a t ic a l ly  manageable s o lu t io n  
may be o b ta in e d  by assum ing a  randomly rough s u r f a c e .  In  f a c t  f o r  the  
c a se  o f  a  n o rm a l ly  d i s t r i b u t e d  s u r f a c e ,  Beckmann's approach  y i e l d s  the  
same e x p r e s s io n  f o r  th e  r e g u l a r  component a s  o b ta in e d  by Davies and 
P o r t e u s .  The n o n - r e g u l a r  ( in c o h e re n t )  component i s  c o n s id e r a b ly  more 
c o m p l ic a te d  and h a s  th e  form
e ' ^  T^ Y  ^  g-Vxy T^/4m
4tt cos  0 cos  ilr Zj , ml m ̂ m = i
r  ” -|2
where ® ~ 1 X (cos  i|i + cos  0) j
p _ f*l + cos <1; cos 6 - sin sin 0 cos co~1
L cos 0 + cos ^ J
T = 2n ^
2 2 2 v^^  = s i n  \j( + s i n  0 - 2  s i n  i|r s in  0 cos  cp .
Beckmann a l s o  p r e s e n t s  an  e q u a t io n  f o r  th e  l a r g e  o p t i c a l  roughness  c a se .
The form i s
_2 _2
_  , 2  exp  [ - 3 -  ]
4t t  g 4g
f o r  th e  n o n - r e g u l a r  component w i th  no c o n t r i b u t i o n  due t o  th e  r e g u l a r  
component ( i . e .  a / \  > > 1 ) .  This n o n - r e g u l a r  component i s  o n ly  an 
a p p ro x im a t io n  and  i t  i s  independen t o f  th e  w a v e len g th  o f  i n c i d e n t  
r a d i a t i o n .
Comparison of the  Three Approaches 
A f i n e  d i s c u s s i o n  o f  the m odels  o f  D av ies  and Beckmann a p p e a rs  
in  r e f e r e n c e  ( 5 2 ) .  In  t h i s  paper th e  a u th o r s  d e te rm ine  th e  approx im ate  
r e g io n s  f o r  w hich  th e s e  two models would a p p ly  by  a c c o u n t in g  f o r  a l l  th e
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r e f l e c t e d  e n e rg y .  That i s ,  th ey  n u m e r ic a l ly  i n t e g r a t e d  th e  n o n - re g u la r  
components and added  the  c o n t r i b u t i o n  o f  th e  r e g u l a r  components f o r  th e  
sm a l l  o p t i c a l  roughness  c a s e .  T h e o r e t i c a l l y  t h i s  d i r e c t i o n a l - h e m i s p h e r ­
i c a l  r e f l e c t a n c e  sh o u ld  be u n i t y .  By t h e i r  c a l c u l a t i o n s  t h i s  q u a n t i t y  i s  
no t  u n i ty  in  g e n e r a l .  The d e v ia t i o n s  a r e  l e s s  th a n  a few p e rc e n t  f o r  
b o th  models f o r  o/X îS 0 .0 4 ,  1 s  a ' / X  ^ 100, and 0*^ tjt <: 80*. For l a r g e r  
v a lu e s  o f  a /X , th e  Davies e q u a t io n s  a r e  v e ry  much i n  e r r o r  w h i le  th e  
Beckmann v a lu e s  a r e  s t i l l  a c c e p t a b l e .  But f o r  v a lu e s  o f  a/X s  0 .1 ,  b o th  
m odels a r e  m arked ly  in  e r r o r  w i th  th e  D avies model by f a r  th e  w o r s t .  The 
l a r g e  o p t i c a l  roughness  c a se  o f  Beckmann was s u b je c t e d  to  th e  same i n v e s ­
t i g a t i o n  and found to  be g r e a t l y  in  e r r o r  f o r  v a lu e s  o f  a ' / a  <  10 .
Comprehensive n o n - re g u la r  r e f l e c t a n c e  m easurem ents were c a r r i e d  
o u t  by B irkebak  ( 5 3 ) .  I n  h i s  work, he  u se d  m e ta l  sam ples a s  specim ens 
and d i s c u s s e d  the  o b se rv ed  t r e n d s  o f  th e  d a t a  a s  compared to  th e  D avies 
m odel.  Houchens and  B er ing  (52) a n a ly z e d  B i r k e b a k 's  d a ta  w i th  th e  model 
o f  Beckmann and d e te rm in e d  th e  p a ra m e te rs  a  and  a ' . The r e s u l t s  o f  t h e i r  
i n v e s t i g a t i o n  i n d i c a t e d  t h a t  excep t  f o r  v a lu e s  o f  v e ry  sm a l l  o p t i c a l  
ro u g h n ess -w a v e le n g th  r a t i o e s  (a/X <; 0 . 1 6 ) ,  a '  d e c re a s e d  w i th  i n c r e a s i n g  
v a lu e s  o f  t h i s  r a t i o .  These i n v e s t i g a t o r s  b e l i e v e  a '  sh o u ld  rem ain  
c o n s t a n t  r e g a r d l e s s  o f  th e  w a v e len g th  o f  th e  i n c i d e n t  r a d i a t i o n .
T h e r e f o r e ,  i t  a p p e a r s  t h a t  th e  model o f  D avies i s  e s s e n t i a l l y  
r e s t r i c t e d  to  s u r f a c e  i r r e g u l a r i t i e s  w i th  v e ry  sm a ll  s lo p e s  in  b o th  c a se s  
d i s c u s s e d .  The Beckmann m odel, though no t t r u e  i n  g e n e r a l ,  i s  b e t t e r  
th an  t h a t  o f  D av ie s ;  t h a t  i s ,  the  u n i t  d i r e c t i o n a l - h e m i s p h e r i c a l  r e f l e c ­
t a n c e  c r i t e r i o n  i s  s a t i s f i e d  over  a  w id e r  ran g e  o f  v a r i a b l e s .
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S u r f a c e  C h a r a c t e r i s t i c s
As have been d i s c u s s e d  in  t h e  p r e v io u s  s e c t i o n s ,  th e  e x p e r im e n ta l  
a p p ro a c h e s  to  d e te rm in in g  the  i n t e r r e l a t i o n s  o f  th e  v a r io u s  v a r i a b l e s  
in v o lv e d  f o r  a c c u r a t e  p r e d i c t i o n  o f  r e f l e c t e d  e n e rg y  d i s t r i b u t i o n s  a r e  
n o t  s a t i s f a c t o r y .  At m o st ,  one can o n ly  f i t  t h e  d a ta  from e x p e r im e n ts  
c o n d u c te d  on a  t e s t  specim en. A change in  any o f  th e  v a r i a b l e s  m igh t 
and  u s u a l l y  does r e q u i r e  a n o th e r  a n a l y s i s  t o  f i t  th e  d a ta .  The a p p ro a c h e s  
u s in g  d i f f r a c t i o n  th e o ry  seem t o  be a s t e p  in  t h e  r i g h t  d i r e c t i o n .  That 
i s ,  i f  t h e s e  t h e o r i e s  were c o r r e c t ,  o n ly  knowledge o f  th e  s u r f a c e  p a r a ­
m e te r s  would be  n e c e s s a ry  to  p r e d i c t  th e  f a r  f i e l d  d i s t u r b a n c e .  The draw­
b a c k s  t o  t h e s e  t h e o r i e s  a r e  one o r  more o f  th e  fo l lo w in g  a s su m p t io n s  
i n c o r p o r a t e d  i n t o  th e  t h e o r i e s :
1. The d im ension  o f  th e  i r r e g u l a r i t i e s  a r e  taken  
e i t h e r  to  be much s m a l le r  th a n  o r  much g r e a t e r  
th a n  th e  w ave leng th  o f  th e  i n c i d e n t  r a d i a t i o n ;
2. The r a d iu s  o f  c u r v a tu r e  o f  th e  i r r e g u l a r i t i e s  
i s  t a k e n  to  be much g r e a t e r  than  th e  w ave leng th  
o f  th e  i n c i d e n t  r a d i a t i o n ;
3. Shadowing e f f e c t s  a r e  n e g le c te d ;
4 .  Only  e i t h e r  th e  n e a r  o r  th e  f a r  f i e l d  s i t u a t i o n  
i s  c o n s id e r e d ;
5. M u l t i p l e ,  i n t e r - s u r f a c e  r e f l e c t i o n s  a r e  n e g le c te d ;
6 . The d e n s i t y  o f  i r r e g u l a r i t i e s  a r e  no t  c o n s id e re d ;
7. The th e o r y  i s  r e s t r i c t e d  t o  a p a r t i c u l a r  p r o f i l e  
o r  s u r f a c e  c o n to u r ;
8 . P e r f e c t  c o n d u c t i v i t y  i s  assum ed.
Thus a s  th e  d e g re e  o f  r i g o r  o f  th e  th e o r y  i n c r e a s e s ,  i t s  g e n e r a l i t y  i s  
l o s t .  The r e s u l t  i s  a  s e t  o f  e q u a t io n s  which i n d i c a t e  t h e  t r e n d s  to  be 
e x p e c te d ,  b u t  n o t  a  q u a n t i t a t i v e  r e p r e s e n t a t i o n .
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The n e a r  m a th e m a t ic a l  i m p o s s i b i l i t y  o f  d e s c r i b in g  a g e n e ra l ly  
e n c o u n te re d  i r r e g u l a r  s u r f a c e  r e q u i r e s  a s t a t i s t i c a l  a p p ro ach .  When 
u s in g  t h i s  s t a t i s t i c a l  a p p ro a c h ,  one m ust keep in  mind n o t  on ly  t h a t  t h i s  
i s  an  a v e ra g in g  p r o c e s s ,  b u t  i n  a d d i t i o n  to  knowing t h i s  mean v a lu e ,  th e  
p r o b a b i l i t y  d i s t r i b u t i o n  a b o u t  th e  mean m ust be s p e c i f i e d .  Thus the  i r ­
r e g u l a r  s u r f a c e s  met in  r e a l  l i f e  would seem b e s t  d e s c r ib e d  by a t  l e a s t  
two p a ra m e te r s  which a r e  i n d i c a t i v e  o f  th e  d e v i a t i o n  o f  c h a r a c t e r i s t i c  
s u r f a c e  d im ensions  from t h e i r  mean v a l u e s .  The p r im a ry  d im ension u s u a l ly  
c o n s id e r e d  a s  a s u r f a c e  c h a r a c t e r i s t i c  i s  th e  RMS s u r f a c e  roughness 
( h e ig h t  o f  i r r e g u l a r i t i e s ) . O b v ious ly  t h i s  d im ension  w i l l  not u n iq u e ly  
d e s c r i b e  a rough s u r f a c e  f o r  i t  t e l l s  us  n o th in g  a b o u t  th e  d i s t a n c e s  
betw een the  h i l l s  and  v a l l e y s  o f  t h e  s u r f a c e .  Thus a  peak  d e n s i ty  or 
a s p e r i t y  f u n c t i o n  would seem im p o r ta n t .  I n  th e  l i t e r a t u r e ,  th e  second 
d im e n s io n ,  i f  d i s c u s s e d ,  i s  th e  a u t o c o r r e l a t i o n  o r  a u to c o v a r ia n c e  l e n g th .  
T h is  l e n g th  h as  been shown to  be r e l a t e d  to  th e  RMS s u r f a c e  roughness  and 
th e  RMS s lo p e  o f  th e  s u r f a c e  (5 4 ) .  I t  i s  b e l i e v e d  by t h i s  i n v e s t i g a t o r  
t h a t  g r e a t  c a re  must be ta k e n  to  a d e q u a te ly  i n t e r p r e t  t h i s  d im ension . In  
t h e  l i t e r a t u r e  th e  s u r f a c e  roughness  i s  u s u a l l y  s t a t e d  by an RMS s u r f a c e  
ro u g h n ess -w a v e le n g th  r a t i o .  T n is  ca n n o t  be an u n iq u e  d e s c r i p t i o n ,  bu t 
th e  a fo re m e n t io n e d  t h e o r i e s  a r e  b a s e d  upon t h i s  ty p e  o f  p a r t i a l  r e s t r i c ­
t i o n .  T h e re fo re  th e  r e s u l t s  may be m is l e a d in g .
The d e f i n i t i o n  o f  th e s e  two p a ra m e te r s  and t h e i r  a s s o c i a t e d  d i s ­
t r i b u t i o n s ,  p l u s  knowledge o f  th e  e l e c t r i c a l  p r o p e r t i e s  o f  the  m a t e r i a l  
f o r  th e  w ave leng th  c o n s id e r e d  and th e  c o n d i t i o n s  o f  i r r a d i a t i o n  and 
o b s e r v a t io n ,  would h o p e f u l l y  be a l l  t h a t  i s  n e c e s s a ry  in  o r d e r  to  d e t e r ­
mine r e f l e c t e d  e ne rgy  d i s t r i b u t i o n s  i n  a  g e n e r a l  f a s h i o n .
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From the  d a ta  a v a i l a b l e  and c o n s id e r in g  t lie  t h e o r i e s  p re s e n te d  in  
t h e i r  r e g io n s  o f  a p p l i c a t i o n ,  a  r u l e  may be s t a t e d  f o r  which any p roposed  
model f o r  th e  s o lu t i o n  o f  t h i s  p rob lem  sh o u ld  a d h e re .  The t re n d s  o f  
v a r i a t i o n s  o f  th e  r e f l e c t e d  d i s t r i b u t i o n  a s  th e  p a ra m e te r  i s  v a r ie d  w ould  
seem t o  go a c c o rd in g  to  th e  fo l lo w in g  s ta t e m e n t ;
The r e g u l a r l y  r e f l e c t e d  e ne rgy  depends upon the  ang le  
o f  in c id e n c e  and a ro u g h n ess -w a v e le n g th  r a t i o  ( a / \ ) •
S im i la r ly ,  th e  n o n - r e g u l a r ly  r e f l e c t e d  energy  would 
depend on th e s e  p a ra m e te r s .  Thus th e  p a ram ete r  a/X 
de te rm in es  th e  a p p o r t io n m e n t  o f  th e  energy  between th e s e  
two modes o f  r e f l e c t i o n .  That i s ,  f o r  v e ry  sm all  v a lu e s  
o f  o/X, th e  m a j o r i t y  o f  th e  r e f l e c t e d  energy  i s  o f  th e  
r e g u l a r  t y p e .  As a/X i n c r e a s e s ,  th e  d i s t r i b u t i o n  b e ­
comes i n c r e a s i n g l y  n o n - r e g u l a r .  This  s ta te m e n t  has 
been f a i r l y  w e l l  j u s t i f i e d  by  ex p e r im en t .
A s i m i l a r  s ta te m e n t  c o n c e rn in g  th e  o t h e r  d i s c u s s e d  s u r f a c e  d e f in in g  p a r a ­
m e te r  has  n o t  been  s u f f i c i e n t l y  i n v e s t i g a t e d  by experim en t  and the  
t h e o r i e s  p r e s e n t l y  a v a i l a b l e  do n o t  em phasize  i t s  im p o r tan ce .  An 
a n a l y t i c a l  t re a tm e n t  o f  th e  r e g io n  q ~  X ~  a '  h a s  no t as  y e t  been pub­
l i s h e d .  Thus th e  a p p a r e n t l y  v e ry  c o m p l ic a te d  i n t e r r e l a t i o n  o f  th e  p a r a ­
m e te r s  a ,  a '  and X i n  t h i s  r e g io n  i s  c o m p le te ly  unknown.
CHAPTER I I I  
DISCUSSION OF STATISTICS
There a r e  a  l a r g e  number o f  f in e  t e x t s  (55, 56) and s h o r t  w r i t e ­
ups (57) w hich d i s c u s s  th e  v a r io u s  r u l e s  o f  p r o b a b i l i t y  a n a l y s i s .  Thus
most o f  th e s e  b a s i c s  w i l l  be assum ed. The purpose  of t h i s  s e c t i o n  i s  to  
s t a t e  th e  te rm in o lo g y  u se d  in  th e  fo l lo w in g  work so t h e r e  w i l l  be no m is ­
u n d e r s t a n d in g .
"Random V a r ia b le "  i s  a  r e a l  number v a lu e  de te rm ined  by th e  o u t ­
come o f  a random e x p e r im e n t .  I t  may be d i s c r e t e  o r  c o n t in u o u s .
"Random E x p er im en t" ,  when conducted  under  a  g iv en  s e t  o f  c ircum ­
s t a n c e s ,  r e s u l t s  in  d i f f e r e n t  outcomes which may be c h a r a c t e r i z e d  by a 
number from 0 to  1 and r e p r e s e n t s  th e  r e l a t i v e  f requency  t h a t  t h a t  even t  
may o c c u r  in  a l a r g e  number o f  t r i a l s .
"Random Event"  i s  one r e s u l t  o f  a l a r g e  number of random e x p e r i ­
m en ts .  The " p r o b a b i l i t y "  o f  a  random even t  i s  the  l i m i t i n g  v a lu e  o f  th e
f req u en cy  o f  o c c u re n c e .
The " c u m u la t iv e  d i s t r i b u t i o n  f u n c t io n "  o r  j u s t  d i s t r i b u t i o n  
f u n c t i o n ,  F, g iv e s  the  p r o b a b i l i t y  o f  o b t a in in g  a random v a r i a b l e  equa l 
to  o r  l e s s  th a n  some s p e c i f i e d  v a lu e  X^. C le a r ly
0 ^  F(X^) ^  1 f o r  a l l  X^.
The " p r o b a b i l i t y  d e n s i t y  fu n c t io n "  o r  j u s t  d e n s i t y  f u n c t io n  ( f )  
i s  r e l a t e d  t o  th e  d i s t r i b u t i o n  f u n c t io n  by th e  r u le
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Thus f ( x )  dx i s  t h e  p r o b a b i l i t y  t h a t  t h e  random v a r i a b l e  i s  o b t a i n e d .  
T h e r e f o r e
F (x )  = f ( x ) d x  ,
J  -0 0
A Monte C a r lo  s im u la t io n  i s  u se d  in  t h i s  r e s e a r c h  t o  i n v e s t i g a t e  
th e  r e f l e c t a n c e  problem h e r e t o f o r e  d i s c u s s e d .  T h is  approach  i s  a l s o  r e ­
f e r r e d  to  a s  s y n th e t i c  sam pling o r  e m p i r i c a l  sam pling  and h as  r e s u l t e d  
i n  s u c c e s s f u l  a n a ly s e s  o f  o th e r  p h y s i c a l  phenomena (57 - 6 2 ) .  In  a p p ly ­
in g  t h i s  s im u la t io n ,  a  l a r g e  number of im ag inary  random expe r im en ts  a r e  
co n d u c te d .  In  each  experim ent an e n e rg y  bundle  i s  fo l lo w e d  a s  i t  i s  
fo rc e d  to  obey p re d e te rm in e d  r u l e s .  As no ted  p r e v i o u s ly ,  a  ve ry  l a r g e  
number o f  e x p e r im e n ts  must be conduc ted  f o r  th e  r e s u l t s  to  be s t a b l e .  
That i s ,  b e c au se  Monte C arlo  s im u l a t io n s  in v o lv e  random numbers, th e  
r e s u l t s  a r e  s u b je c t  to  s t a t i s t i c a l  f l u c t u a t i o n s .  Thus the  r e s u l t s  a r e  
s u b j e c t  to  an  a s s o c i a t e d  e r r o r .  The l a r g e r  th e  number of t r i a l s ,  t h e  
s m a l l e r  the  e r r o r .
D e te r m in a t io n  o f  t h e  number o f  t r i a l s  t h a t  w i l l  r e s u l t  in  a n  
a c c e p t a b l e  e r r o r  b an d  may p r e s e n t  some d i f f i c u l t y .  The a p p ro a c h  u s e d  
i n  t h i s  r e s e a r c h  w i l l  be u s i n g  a  B e r n o u l l i  t r i a l s  a n a l y s i s .  T h a t  i s  
f o r  r e p e a t e d  in d e p e n d e n t  t r i a l s ,  t h e r e  a r e  o n ly  tw o p o s s i b l e  o u tco m es  
f o r  e a c h  t r i a l  an d  t h e  p r o b a b i l i t y  o f  s u c c e s s  (p)  and f a i l u r e  (1  -  p )  
( c o l l e c t e d  i n  a p a r t i c u l a r  r e g io n  o r  n o t )  i s  c o n s t a n t .  Tims t h e  m a x i ­
mum a l l o w a b l e  e r r o r  i n  e s t i m a t i n g  p ,  e ,  m u s t  be s p e c i f i e d  a s  w e l l  a s  
C t h e  d e s i r e d  p r o b a b i l i t y  o r  c o n f id e n c e  l e v e l  t h a t  t h e  e s t i m a t e  v a l u e  
o f  p ,  p ,  d o es  n o t  d i f f e r  from  p by more th a n  + s , w here  p i s  t h e  r e s u l t
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o f  a  l a r g e  number of t r i a l s  and p i s  th e  e x a c t  v a lu e .  So
1 P - P 1 ^  e
a s  n, th e  number o f  t r i a l s ,  becomes l a r g e .  Thus th e  fo l lo w in g  r e l a t i o n  
b a sed  on the  normal a p p ro x im a t io n  to  the  b in o m ia l  d i s t r i b u t i o n  i s  th e  
p r o b a b i l i t y  t h a t  the  above i n e q u a l i t y  i s  t r u e t  
C = e r f ( t  /  / 2 )
where t  =
® Y  P(1 -  P)
Note e = P B w here B i s  th e  e r r o r .  T h is  a p p ro x im a t io n  i s  a d e q u a te  i n  
g e n e r a l  a s  long  a s  n p o r  n ( l  - p) i s  g r e a t e r  th a n  5 .
I t  must be n o te d  t h a t  th e  t r u e  p r o b a b i l i t y ,  p ,  i s  no t  known. I t
i s  assumed t h a t  a  good e s t im a te  o f  p i s  th e  r a t i o  o f  th e  number o f  h i t s
in  a p a r t i c u l a r  r e g io n  to  th e  number o f  t r i a l s .
I n t i m a t e l y  r e l a t e d  t o  th e  Monte C arlo  s im u la t io n  i s  random number 
g e n e r a t i o n .  S c o f ie l d  (57) d i s c u s s e s  th e  un ifo rm  random number g e n e r a to r  
s u b ro u t in e  recommended by IBM. In  t h i s  d i s c u s s i o n ,  he i n d i c a t e s  t h a t  
t h i s  s u b ro u t in e  e x h i b i t s  th e  a p p r o p r i a t e  un ifo rm  randomness f o r  r a t h e r  
f i n i t e  sample s i z e s .  T h is  same s u b r o u t in e  was used  i n  t h i s  r e s e a r c h  when 
a u n ifo rm ly  d i s t r i b u t e d  random number was r e q u i r e d .
In a d d i t i o n  t o  un ifo rm  random numbers, a n o th e r  form o f  random 
number was needed in  t h i s  r e s e a rc h  f o r  th e  d i s t r i b u t i o n s  o f  th e  s u r f a c e  
rou g h n ess  and th e  d e n s i t y  o r  a s p e r i t y .  As d i s c u s s e d  p r e v io u s ly ,  th e  
u s u a l  a s su m p tio n  i s  t h a t  t h e s e  q u a n t i t i e s  a r e  d i s t r i b u t e d  a c c o rd in g  to  
a  G aussian  d i s t r i b u t i o n .  For th e  model u sed  in  t h i s  r e s e a rc h  ( t o  be 
d i s c u s s e d  in  th e  n e x t  c h a p t e r ) ,  t h i s  a s sum p tion  was no t f e a s i b l e .  I n ­
s t e a d  a  d i s t r i b u t i o n  d e r iv e d  from t h e  normal d i s t r i b u t i o n  was u s e d .
21
T his  d i s t r i b u t i o n ,  u s u a l l y  r e f e r r e d  to  a s  R ay le ig h  d i s t r i b u t i o n ,  has not 
been  u sed  in  r e f l e c t a n c e  a n a ly s e s  r e p o r t e d  in  the  l i t e r a t u r e .  One s t a t e ­
ment c o u ld  be found and t h a t  by Beckmann (4 1 ) .  He c a s t s  doubt on the  
p o s s i b i l i t y  t h a t  such a d i s t r i b u t i o n  e x i s t s  f o r  r e a l  s u r f a c e s ,  b u t  goes 
on to  say t h a t  n o n -sy m m etr ic a l  d i s t r i b u t i o n s  p ro b a b ly  do e x i s t  i n  n a t u r e .  
I n  Appendix B t h i s  d i s t r i b u t i o n  i s  d i s c u s s e d .  A lso  in c lu d e d  in  t h i s  a p ­
p e n d ix  i s  a  d i s c u s s i o n  o f  t h e  random number g e n e r a to r  used  f o r  th e  p r o ­
d u c t io n  o f  th e  h e ig h t  (peak to  v a l l e y  d im ension )  and d e n s i t y  (peak to  peak 
d im ension ) numbers u se d  in  th e  model o f  t h i s  r e s e a r c h .
CHAPTER IV 
ANALYTICAL MODEL
This c h a p te r  i s  a  g e n e ra l  d i s c u s s i o n  o f  th e  model i n v e s t i g a t e d  in  
t h i s  r e s e a r c h .  The d i s c u s s io n  w i l l  b e g in  w i th  th e  p r e s e n t a t i o n  o f  p a r t i c ­
u l a r  p o in t s  o f  th e  a n a l y t i c a l  model c o m p o s i t io n ,  th u s  i l l u s t r a t i n g  the  
a s su m p tio n s  m ade. T h is  c h a p te r  w i l l  c o n c lu d e  w ith  I l l u s t r a t i o n s  o f  the  
e f f e c t  o f  v a r i a t i o n s  o f  th e  im p o r ta n t  p a ra m e te rs  in v o lv e d .
Surface  C o n s t r u c t io n
S u r fa c e s  which y i e l d  what h as  g e n e r a l l y  been d e s c r ib e d  as non­
r e g u l a r  r e f l e c t i o n ,  a re  "rough" in  n a t u r e .  The e x a c t  c h a r a c t e r  o f  t h i s  
" ro u g h n e ss"  c a n n o t  be s t a t e d  in  a  g e n e r a l  form due to  the  d i f f e r e n c e s  in  
th e  p h y s ic a l  p r o p e r t i e s  o f  d i f f e r e n t  m a t e r i a l s  ( d u c t i l i t y ,  m a l l e a b i l i t y ,  
c o n d u c t i v i t y ,  e t c . )  and even the  same m a t e r i a l s  a f t e r  exposure  to  d i f f e r e n t  
e x t e r n a l  c o n d i t i o n s .  This  i n v e s t i g a t i o n  a t t e m p ts  t o  ag ree  w i th  o th e r  
i n v e s t i g a t o r s  (30, 31) by assum ing th e  g e n e r a l  c h a r a c t e r  o f  the  roughness  
i s  t h a t  o f  a V -g roove. In  a d d i t i o n ,  i t  I s  assumed t h a t  the  tops o f  t h e s e  
g ro o v es  a r e  rounded . Both th e  rounded  and  V-groove p o r t i o n s  r e f l e c t  in  a 
m i r r o r - l i k e  f a s h i o n .
The a p p ro a c h  o f  t h i s  i n v e s t i g a t i o n  i s  to  u s e  a Monte C arlo  method. 
T h is  approach  a u to m a t i c a l l y  im p l ie s  long  run  tim es o f  a d i g i t a l  com puter.  
A c c o rd in g ly ,  t h i s  i n v e s t i g a t i o n  c o n s i d e r s  o n ly  th e  a c t i o n  o f  energy  bun-
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l e s  in  the  p la n e  o f  in c id e n c e .  To do t h i s ,  th e  assum ption  i s  t h a t  the 
p la n e  o f  in c id e n c e  i s  th e  m ost i n t e r e s t i n g  s in c e  t h i s  p la n e  e x h i b i t s  a l l  
t h e  p o s s i b l e  p e c u l i a r i t i e s  of r e f l e c t i o n  e n c o u n te re d  e x p e r im e n ta l ly .  As 
a  c o -a s su m p tio n ,  i t  i s  a s s e r t e d  t h a t  the  v a s t  m a jo r i t y  o f  th e  energy  r e ­
c e iv e d  in  th e  p la n e  o f  i n c id e n c e  i s  the  r e s u l t  o f  i n t e r - r e f l e c t i o n  w i th in  
t h e  rounded V-groove whose s id e s  a r e  g e n e r a l l y  p e r p e n d ic u l a r  to  the  p lane  
o f  in c id e n c e .
E x p e r im e n ta l ly ,  th e  s u r f a c e  p a ra m e te rs  u s u a l l y  u sed  to  d e s c r ib e  
a  s u r f a c e  a r e  an RMS peak  t o  v a l l e y  dim ension (g) and an  a u to c o v a r ia n c e  
f u n c t i o n ,  a ' .  Because o f  t h e  a fo rem en t io n ed  l a c k  o f  e x p e r im e n ta l ly  
v e r i f i e d  in fo r m a t io n  c o n c e rn in g  a ' , t h i s  i n v e s t i g a t o r  p r e f e r s  i n s t e a d  to  
c o n s id e r  a p a ra m e te r  i n d i c a t i v e  o f  the  peak d e n s i t y .  T h is  p a ra m e te r  w i l l  
be an RMS peak  to  peak  d im ension  a .  Whether t h i s  d im ension  i s  even r e ­
l a t e d  to  th e  a u to c o v a r ia n c e  l e n g th  w i l l  no t  be c o n s id e r e d .
To make t h i s  model e s s e n t i a l l y  s i m i l a r  to  r e a l i t y ,  th e  s u r fa c e  
h e i g h t s  CT w i l l  be d i s t r i b u t e d  in  a  Rayle igh  d i s t r i b u t i o n  w i th  a  a s  the 
d e f i n i n g  p a ra m e te r .  The peak  to  peak d im ension , a ,  w i l l  a l s o  be d i s t r i ­
b u te d  a c c o rd in g  to  a  R a y le ig h  d i s t r i b u t i o n ,  b u t  w i th  a a s  th e  d e f in in g  
p a ra m e te r .  The apex  o f  t h i s  V-groove (X^) i s  assumed t o  be s e l e c t e d  in  
a  un ifo rm  random f a s h io n  ( se e  F ig u re  4 - 1 ) .  For each  i n d i v i d u a l  energy 
b u n d le  a ,  a ,  and w i l l  be s e l e c t e d  from th e  a p p r o p r i a t e  random d i s t r i ­
b u t i o n ,  th u s  d e f i n i n g  th e  s u r f a c e .  The energy  bundle  i s  fo llow ed  in  t h i s  
geom etry  up to  fo u r  r e f l e c t i o n s  u n l e s s  i t  e sc a p e s  t h i s  geom etry  to  the  
hem isphere  above, i s  r e f r a c t e d  a t  a s u r f a c e  o r  i s  t r a p p e d  by r e f l e c t i n g  
f o u r  t im e s .
The s u r f a c e  i s  c o n s t r u c t e d  in  the  f o l lo w in g  f a s h io n .  F ig u re  4-1
Figure 4-1. Basic V-groove Geometry
fO
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r e p r e s e n t s  th e  g e o m e try  from  w h ich  th e  e n e rg y  bundle  i s  e i t l i e r  r e f l e c t e d  
o r  r e f r a c t e d .  The e q u a t i o n s  f o r  t h e  s i d e s  o f  t h e  V -g ro o v e  a r e
o
^2 = ^  + ^  . (4 -1)
o
Thus th e  components o f  th e  no rm als  o f  t h e s e  s u r f a c e s  a r e  
n = cos 01
y '1
n^ = s in  0 ^
Ny = cos 0g
= s in  0g (4-2)
"1 CTwhere 0^ = t a n  -
o
«2 ■ • o
The assumed c i r c u l a r  cap on th e  upper l e f t  p o in t  o f  th e  V-groove 
h a s  th e  e q u a t io n
y^ = .  x2 .
Note from F igu re  4 - 2 ,  yg (x )  i s  th e  e q u a t io n  f o r  th e  s u r f a c e  up to  x = x^ 
and  y = y^ .  At t h i s  p o i n t  t h e  e q u a t io n  makes a  smooth t r a n s i t i o n  to  the
s t r a i g h t  l i n e  y ^ (x ^ ) .
At th e  p o i n t  (x^, ÿ ^ , )
l â i i a )  = - I . " I  = -  e
o r  x^ = “ i ( ^ i  " +  a  - H^)
hOON




R e q u ir in g  t h a t  y^ (x^)  = y g (x^)  r e s u l t s  in
J  V f j V  +  | b , 2  (1 + . / )  -  ( g  -  
1 +">1^ 1 +
Note t h a t  e q u a t io n  (4 -3 )  m ust e q u a l  e q u a t io n  ( 4 - 4 ) .
Thus / l  + m^2 = ( j  -  H^)
so  i ,  = " I ' ’!
b
y , = H, +
1
1 / T T ^ 2
F u r th e r  r e q u i r i n g  t h a t  + b^ = P < a  y i e l d s
— » o d H  . .
/ l  + m^2 _ 1 1 / i  + _ 1 (4-5)
The components o f  t h e  normal to  y ^ (x )  a re  
"x = * / b l
"y = A  - ( x /b ^ )2  , X  â  X  . (4-6)
The assumed c i r c u l a r  cap on th e  u p p e r  r i g h t  p o i n t  o f  t h e  V-groove 
(F ig u re  4-3) ha s  th e  e q u a t io n
y ^ (x )  = Hg +  / b  2 _ (x -  a )  2
y^(x)  i s  th e  e q u a t io n  f o r  th e  s u r f a c e  from x = x^ and y  = yg t o  x  = a and 
y = P. The smooth t r a n s i t i o n  from th e  s t r a i g h  l i n e  y g (x )  to  y ^ (x )  i s  a t  




Figure 4-3. Geometry of Right Side of the Rounded V-groove
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- Hg)
Xz = a -  1 , niz = t a n  02 . (4 -7)
S e t t i n g  r e s u l t s  in
X - a = "™2 ■ ^ 2) /  ni2^ (g - H2)^ - (1 +m2^ ) [  (g -H 2)^  -  b g ^ ]
^ I  + 1 +  ^2^
(4-8)
N otice  e q u a t io n  (4 -7 )  e q u a ls  e q u a t io n  (4 -8)  or 
t>2 ' / l  +  m^2 = a  -  Hz .
So Xg = a - ^2^2  and ÿg = Hg +   ?-----
/ r + m ^  / l  + nig 2
Again r e q u r in g  th e  +  b„ = P < g y i e l d s
"2 = - -
2 2 
g -  P
1 +  -  1
H„ = P 7' 1 + m22 - g (4-9)
 ̂ '^1 + -  1
The components o f  t h e  normal to  y^(x )  a r e
= - ( a  - x )  /  bg
Ny = ^ 1  -  (a  -^ x )2  . (4-10)
I t  may be  n o te d  t h a t  th e  s u r f a c e  shape i s  v e ry  much d ep en d en t  on 
th e  roundness  p a ra m e te r  P .  At P = 1, th e  s u r f a c e  i s  t r i a n g u l a r .  As P 
d e c re a s e s ,  th e  r a d i u s  o f  th e  round p o r t i o n ,  r e q u i r e d  f o r  c o n t i n u i t y ,  i n ­
c r e a s e s  u n t i l  f o r  a  p a r t i c u l a r  v a lu e  o f  P, g iven  g and a ,  th e  t r a n s i t i o n  
p o in t  i s  superim posed  on X^. The v a lu e  o f  P which p ro d u ces  t h i s  g e o m e t r i -
30
c a l  c o n f i g u r a t io n  f o r  th e  p a r t i c u l a r  c a s e  o f  = a i s  d e f in e d  as P(LIM) 
( se e  F ig u re  4 - 4 ) .  From g e o m e t r i c a l  c o n s i d e r a t i o n ,  the  fo l lo w in g  e x p re s s io n  
r e l a t i n g  P(LIM), a,  and a may be d e r iv e d .  The r e s u l t  i s
P(LIM) = -  
c (4-11)
F ig u re  4-5 I l l u s t r a t e s  th e  v a r i a t i o n  o f  P(LIM) v e r s u s  a / a .  N o tice  P(LIM) 
I s  n e v e r  g r e a t e r  th a n  0 .5  and d e c re a s e s  m o n o to n lc a l ly  to  z e ro  as a / a  
a p p ro a c h e s  I n f i n i t e .  Thus f o r  g iven  v a lu e s  of a  and a  v a r io u s  c a se s  must 
be c o n s id e r e d .  F ig u re  4-6  i l l u s t r a t e s  t h r e e  o f  th e  s i x  p o s s ib l e  c a se s  
when P <  P(LIM) which a r e  I n c lu d e d  In t h i s  a n a l y s i s .  The o t h e r  t h r e e  
c a s e s  a r e  r e l a t e d  s i m i l a r l y  b u t  on th e  l e f t  s id e  o f  X^.
The r e l a t i o n s  d i s c u s s e d  In t h i s  s e c t io n  a r e  embodied In  sub ­
r o u t i n e s  SURFl and SURF2 (append ix  C ) .
P e n e t r a t i o n
Quantum m echanics  I n d i c a t e s  t h a t  th e  l o c a l i z a t i o n  o f  a r a d i a t i o n  
quantum o r  energy  bundle  to  a  r e g io n  l e s s  than  th e  w av e len g th  o f  th e  
r a d i a t i o n  quantum b e fo r e  a c o l l i s i o n  o r  i n t e r a c t i o n  I s  Im p o ss ib le  (6 3 ) .
In  an a t t e m p t  t o  a n a l y t i c a l l y  rep ro d u c e  e x p e r im e n ta l  r e s u l t s  o f  o t h e r  
I n v e s t i g a t o r s  and u t i l i z e  t h e  a fo re m e n t io n e d  s t a t e m e n t ,  a  quantum m echani­
c a l  w avepacket.  In  which th e  e n e rg y  b u n d le  I s  p o s i t i o n e d .  I s  assumed to  be 
app ro x im ated  by a s p h e re ,  o r  a  c i r c l e  In  th e  tw o -d im e n s io n a l  model used  In  
t h i s  r e s e a r c h .  T h is  " b i l l i a r d - b a l l "  model I s  u se d  to  I n d i c a t e  an I n i t i a l  
maximum dep th  o f  p e n e t r a t i o n  o f  th e  r a d i a t i o n  quantum I n to  th e  rounded V- 
groove by means o f  a  g e o m e tr ic  c a l c u l a t i o n .  Tliat I s ,  th e  p o in t  o f  f i r s t  













Figure 4-5. Relation of P(Lim) and or/a
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F ig u re  4 -6 .  I l l u s t r a t i o n ,  o f  V arious  Unusual Geometries 
E ncoun tered  When P < P(Lim)
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assum es a " l o c a l i z a t i o n  c i r c l e "  o f  r a d iu s  X and depends on th e  r a t i o e s  
a / a  and  a/X .
S ince  t h i s  i s  an a p p ro x im a t io n ,  th e  rounded V-groove i s  a p p r o x i ­
mated by a  sym m etric  V -groove o f  h e ig h t  a  and w id th  a .  The apex of th e  
V-groove i s  th e  o r i g i n  f o r  t h i s  c a l c u l a t i o n  w i th  th e  X a x is  a lo n g  a ,  
w h i le  a  i s  in  th e  Y d i r e c t i o n .  There a r e  f i v e  r e g io n s  o r  i n t e r r e l a t i o n s  
o f  a ,  X, and a .  Case I :  ^ <: ^  X:S X^^^ (see  F ig u re  4-7)
The e q u a t io n  f o r  th e  " l o c a l i z a t i o n  c i r c l e "  i s
x^ + (y - b )^  = X^ .
Note t h a t  b = X sec  0 = —a
h = b - X = X jjy^l + 4 -  1 "j . (4-12)
To de te rm ine  t h e  r e g io n  o f  v a l i d i t y  o f  t h i s  e q u a t io n ,  i . e .  d e te r m in a t io n
o f  X^^^, th e  c i r c l e  i s  p o s i t i o n e d  a t  th e  to p  o f  th e  V-groove so t h a t  th e
f a  \
r a d i u s  i s  p e r p e n d i c u l a r  t o  th e  s id e s  o f  th e  V-groove a t  th e  p o i n t s  o  j
/ a \
and g, a j .  So
^ fa x  = #  + (c  -  b ) ^ '
Using the  above e x p r e s s io n  f o r  b
~  '  I  © '
Case 11'; ^ -  8^ , X 2: X^^^ ( s e e  F ig u re  4-8)
Again th e  e q u a t i o n  f o r  th e  " l o c a l i z a t i o n  c i r c l e "  i s
2 -  2 2 
X + (y  -  b ) ^  = X .
Note t h a t  from th e  c o s in e  law
34
(0,b)
a / 2- a / 2
F ig u re  4 -7 .  Geometry Used in  D e f in in g  the P e n e t r a t i o n  
Depth f o r  ^  y  -  6  ̂ and A ^ max
(0 ,b )
a / 2- a / 2
Figure 4-8. Geometry Used i n  D e f in in g  th e  P e n e t r a t i o n  
D epth  f o r  ^  -  O^and  X  ̂ X
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-  2bc cos
V2
= -  2bc s in  0^
o r  b^ -  (2c s in  0^) b +  (c^ - X^) = 0 .
Thus b = c s in  0^ ±  / c ^  sin^ 0^ - (c^ - X^) .
But s i n  0^ = a / c  and  cos  0 = a /2 c
So b = a  and
h = b - X
o r - = ! - -  +  J where X > X . (4-14)
CT CT y j /  x2a/ max
Case I I I ;  ^ 5: ^  -  0^ , X < X^^^ (see  F ig u re  4 -9)
This  s i t u a t i o n  i s  somewhat more c o m p l ic a te d  th a n  e i t h e r  c a s e s  I  o r
I I .  X i s  no t a s  d e f in e d  a s  ca se  I ,  and n o t i c e  t h a t  th e  c e n t e r  o f  the  max
" l o c a l i z a t i o n  c i r c l e "  i s  a t  ( c ,  b) due to  th e  non-symmetry r e s u l t i n g  from 
t h e  g e o m e tr ic  shadowing. The shadow boundary  on th e  r i g h t  s id e  o f  th e  V- 
grdove i s  a t  the  p o i n t
x '  = — @1 ~ c o t
o 2 Vtan 0^ + c o t
y = CT = h ,
o \ t a n  01  ̂ + c o t  ^ / niin
Thus b = + X sec  0 ,
2oXr) 2ob 
= X sec  0^ +  - —  ta n  6
s in c e  c = -  b t a n  g
where = ( ta n  3 +  ^  c o t  g) h ^ .^
36
(2 , 6 )
- a / 2
F ig u re  4 - 9 .  Geometry Used in  D e f in in g  th e  P e n e t r a t i o n  Depth f o r




Figure 4-10. Geometry Used in  D e f in in g  th e  P e n e t r a t i o n  
Depth f o r  I), = i  and X
lax
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2rr -X sec e ,  +  - 2  X
Thus b ------------ . - I . .- a . — a
1 + ^  t a n  0
R e c a l l  h = b - X
X sec 9, + (1 + —  t a n  0) h .= ___ 1 __________a______  mm
1 + ÿ  ta n  3 (4-15)
To o b ta in  an e x p re s s io n  f o r  X^^^ in  t h i s  s i t u a t i o n ,  th e  p ro ce d u re  
i s  t h e  same a s  in  Case I  (x = a / 2 ,  y = a and X i s  p e rp e n d ic u la r  to  th e  s id e  
o f  t h e  V-groove a t  t h a t  p o i n t ) . A f t e r  a l g e b r a i c  m a n ip u la t io n ,
 G_ + 4FH (4-16)
^ L x  2Fa 2Fa
2 2 2 w here  H = D - BE + B sec g
2
G = AE - 2AB sec  g
2 2F = 1-A sec g
E = 2a + ta n  g (2x^ - a)
D = (*o - #) +
C = X - b t a n  6 o ^
sec 8
A = -
Case IV: t|r > 5  - 9i> ,  > X > ( se e  F ig u re  4-10)^ 2 1  max 2 max
X^^^ i s  a s  d e f in e d  a s  in  c a se  I I I .  Again
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(x - c )^  + (y  - b )^  = .
Tills  i s  th e  m ost c o m p l ic a te d  a rrangem ent in  t h a t  th e  " l o c a l i z a t i o n  c i r c l e "  
i s  p inned  a t  x = a / 2 ,  y  = a  and i s  tan g e n t  to  the  shadow l in e  a t  ( x ' ,  y ' ) .  
A f t e r  a g r e a t  d e a l  o f  a l g e b r a ,
b = X s i n  ijf + a  ~ a cos ij, s in  ijt
+ cos  \|t '^a^ cos 'ij (2X /a-cos  ijr)
and h = b - X • (4-17)
The imposed r e s t r i c t i o n  on th e  upper l i m i t  o f  t h i s  ca se  i s  x ' = - a / 2 ,
y '  = a .  T h is  i s  u sed  to  d e f i n e  X „• N o t ice  t h a t  f o r  t h i s  c o n d i t i o n ,max 2
c = 0 and th e  " l o c a l i z a t i o n  c i r c l e "  i s  p e r p e n d ic u l a r  to  th e  shadow l i n e  a t  
(-  a / 2 ,  ct) and p in n ed  a t  x = a / 2 ,  y = a* The geometry y i e l d s
2 = #  sec  (4-18)
c a s e  V: * >  n  -  8 i  and  X >  2
^max 2 i s  a s  d e f i n e d  in  c a se  IV. For t h i s  s i t u a t i o n ,  c a s e  I I  i s
u se d  i f  i s  l e s s  th a n  tb where  ̂ ^ c r i t
t c r i t  “  111  •
I f  ijf i s  g r e a t e r  th a n  ca se  I I I  i s  used .
The i n t e r p r e t a t i o n  o f  t h i s  depth  o f  p e n e t r a t i o n  i s  the  fo l lo w in g ;  
The i n t e r s e c t i o n  o f  t h i s  h e i g h t  w i th  th e  s id e s  o f  th e  V-groove f o r  th e  
i|f ^  c a se  and th e  r i g h t  s id e  o f  the  V-groove i n  th e  ÿ > ^  - 0^ c ase
d e f in e s  a  fo rb id d e n  zone , i n  which the energy  bund le  can n o t  s t r i k e  th e  V-
groove jfor f i r s t  i n c id e n c e ,  as  i l l u s t r a t e d  i n  F ig u re  4 -1 1 .  The b a s i s  f o r
th e  assum ption  o f  t h e  " l o c a l i z a t i o n  c i r c l e "  i s  th e  e x p e r im e n ta l  ev idence  




I I I  R e p re se n ts  The Forb idden  Zone 
F ig u re  4 -1 1 ,  I l l u s t r a t i o n  o f  Forb idden  Regions
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e s s e n t i a l l y  n o n - r e g u l a r  r e f l e c t i o n  i s  o b ta in e d ,  i n c r e a s i n g  th e  w a v e len g th  
w i l l  e v e n tu a l l y  r e s u l t  i n  a l a r g e  r e g u l a r  r e f l e c t i o n  component ( i . e .  a/X. 
ap p ro a c h e s  z e ro  im p l ie s  a  l a r g e  r e g u l a r  component and <j/\ l a r g e  im p l ie s  
e s s e n t i a l l y  no r e g u l a r  com ponent) .  Thus fo r  t h i s  model, as  X i n c r e a s e s ,  
th e  f i r s t  in c id e n c e  p o i n t  o f  th e  e ne rgy  bundle  i s  c l o s e r  t o  th e  top  o f  the  
V-groove. The to p s  o f  th e  V-groove a r e  rounded, b e in g  e x a c t ly  f l a t  a t  
( t  a /2 ,  a ) .  So th e  model fo l lo w s  th e  e x p e r im e n ta l  e v id e n c e  i n  a g ro s s  
f a s h io n .  The e q u a t io n s  d i s c u s s e d  in  t h i s  s e c t io n  a r e  used  i n  s u b ro u t in e  
PENET (appendix  C ) .
F i r s t  I n c id e n c e  P r o b a b i l i t y  
The d e c i s i o n  m ust be made a s  to  which s id e  o f  th e  rounded V-groove 
th e  energy  b und le  s t r i k e s  f i r s t .  T h is  d e c is io n  m ust depend on ct> a ,  X and 
th e  p é n é t r a t i o n  d e p th .
The h y p o th e s i s  o f  a  p e n e t r a t i o n  dep th  in t ro d u c e d  th e  id ea  o f  a  f o r ­
b idden  zone in  w hich  th e  e n e rg y  b und le  could  not s t r i k e  th e  s u r f a c e  f o r  
f i r s t  i n c id e n c e .  I t  would seem to  fo l lo w  t h a t  t h e  p r o b a b i l i t y  t o  d e t e r ­
mine th e  s id e  o f  th e  f i r s t  i n c id e n c e  would depend on th e  r e l a t i v e  a r e a  
a v a i l a b l e  f o r  i n c id e n c e  o r  i n  t h i s  tw o -d im en sio n a l  model -  l i n e  a v a i l a b l e .
In  a d d i t i o n ,  t h e r e  i s  an assumed smoothness f a c t o r ,  which depends 
i n  some c o m p l ic a te d  f a s h i o n  upon th e  in c id e n c e  a n g le  and th e  av e ra g e  d e ­
v i a t i o n  o f  th e  ro u g h n ess  p e a k s  from th e  mean roughness  a .  F ig u re  4-12 
i l l u s t r a t e s  th e  s i t u a t i o n .  For an  a n g le  of in c id e n c e ,  th e  second peak 
i s  co m p le te ly  masked from th e  s o u rc e .  For an a n g le  o f  i n c id e n c e ,  ÿg, th e  
second peak s e e s  th e  s o u rc e .  Note a s  ^ app roaches  z e r o ,  th e  e f f e c t  o f  e 




Figure  4 -1 2 .  I l l u s t r a t i o n  o f  Shadowing
Figure 4-13. Geometry Used for D efinition of the Side of
First Incidence Probability for tj/  ̂ ^  - 0^
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f i r s t  peak . In  th e  c a se  i n t e r r e f l e c t i o n s  a r e  a l lo w e d .  Not knowing 
th e  form o f  t h i s  f u n c t i o n ,  a  p o s t u l a t e d  f u n c t io n  was used : I t s  form i s
2F = exp (A t a n  \|f)
where À i s  a n  unknown f u n c t i o n  o f  a ,  a ,  X, and e* Note F goes to  1 a s  
Â app roaches  z e ro  o r  \jf ap p ro a c h e s  0 ° ,  and a s  Â approaches i n f i n i t y  o r  rj/ 
app roaches  9 0 ° ,  F becomes v e ry  l a r g e .
L e t  us c o n s id e r  th e  s i t u a t i o n  when F = 1 such t h a t  Â = 0 .  There 
a r e  two c a s e s .
Case I :  \|r s  ~  - 0ĵ  ( see  F ig u re  4-13)
N o t ic e  th e  fo rb id d e n  r e g io n  o f  f i r s t  in c id e n c e  and th e  p e n e t r a t i o n  
dep th  h d e f i n e s  th e  c o r r e s p o n d in g  i n t e r s e c t i o n  w i th  th e  s id e s  o f  th e  
rounded V -groove (x* and x*)  . Thus any energy  bund le  which would s t r i k e  
th e  l e f t  s id e  o f  t h e  V -g roove , must do so between 0 and x* , hav ing  f i r s t  
c ro s se d  th e  l i n e  AB. S i m i l a r l y  any energy  bundle  which would s t r i k e  th e  
r i g h t  s id e  o f  t h e  V-groove would have f i r s t  c ro s s e d  th e  l i n e  CD and would 
s t r i k e  th e  V -groove  be tw een  x* and a .  Assuming th e  i n c i d e n t  r a d i a n t  e n e r ­
gy i s  u n ifo rm ,  a  s im p le  a r e a  ( l i n e )  r a t i o  would be an a d e q u a te  p r o b a b i l i t y .  
Thus the  p r o b a b i l i t y  t h a t  th e  en e rg y  bund le  would s t r i k e  t h e  l e f t  s id e  o f  
th e  rounded V-groove f i r s t  i s
P ( l e f t )  = AB /  (AB +  CD)
X *  -  ( P  -  h )  t a n  ^
X *  - (P - h ) t a n  ^ +  (a  -  x*) + (P - h )  t a n  tj/ (4 -19)
x% - (P - ,h) t a n  
a  - (x*2 -  x f )
Case I I :  ^  >  i|r ^  -  0,
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There a r e  two su b c ase s  to  be c o n s id e re d ;  1. h ^ and 2 . h ^ y^ . 
F ig u re  4-14  i s  r e p r e s e n t a t i v e  o f  subcase  1. Note t h a t  we m ust d e f in e  a
new u p p e r  l i m i t  ( f o r  x*) f o r  in c id e n c e  on the  l e f t  s id e  o f  t h e  rounded V-
g roove . The p o i n t  ( x ' ,  y ' )  i s  the  shadow boundary l i n e  ( p o i n t ) .  Thus 
th e  upper l i m i t  i s  no t  x*  b u t  x ' .  The p r o b a b i l i t y  o f  f i r s t  in c id e n c e  on 
th e  l e f t  s id e  i s  a s  in  Case I .  Thus
p Q e f t )   ________________ X* - (P - y; ). , t an y_______________
x '  -  (P - y ' )  t a n  Y + (a - x*) +  (P - h) t a n  Y
= ______X* + (P - y ' )  t a n  Y______
a - X* +  x '  + (y* - h) tan  Y
Subcase 2 has  two p a r t s
( a )  Y^ >  Y > §  -
(b) Y > Yg
where Y^ r e p r e s e n t s  t a n g e n t i a l  in c id e n c e  a t  th e  d e p th  o f  p e n e t r a t i o n .
P a r t  (a)  i s  r e p r e s e n t a t i v e  o f  the  s i t u a t i o n  in  w hich  th e  dep th  o f  
p e n e t r a t i o n  i s  l e s s  th a n  t h e  shadow boundary (see  F ig u re  4 - 1 5 ) .
This i s  th en  j u s t  Case I ,  s in c e  th e  shadow boundary  i s  in  the  f o r ­
b idden  zone (x* to  x*) ( i . e .  x* s  x '  ^  x * ) .
P a r t  (b) i s  r e p r e s e n t a t i v e  o f  t h i s  s i t u a t i o n  in  w hich  th e  dep th  o f  
p e n e t r a t i o n  i s  g r e a t e r  t h a n  th e  shadow boundary b u t  above th e  s u r f a c e  
t r a n s i t i o n  p o i n t  ( s e e  F ig u re  4 - 1 6 ) .  This  i s  th e n  j u s t  Case I I  ( i . e .  
t h e  shadow boundary  i s  o u t s i d e  o f  th e  fo rb id d e n  zone -  x '  <  x J ) .
F ig u re s  4-17 i l l u s t r a t e  th e  v a r i a t i o n  o f  P ( l e f t )  f o r  v a r io u s  a / a ,  
a/X., P and X^/a s i t u a t i o n s .







F ig u re  4 -14 . Geometry Used f o r  the  D e f i n i t i o n  o f  the  S ide
o f  F i r s t  In c id e n c e  P r o b a b i l i t y  f o r  ^  " ^1
X *
F ig u re  4 -1 5 . I l l u s t r a t i o n  o f  the
Geometry Invo lved  When There 




F ig u re  4 -1 6 .  I l l u s t r a t i o n  o f  the
Geometry Invo lved  when There 
i s  a Shadow Boundary and
»/»c<
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c r /  \
4JU-l
Q)
c r / X -*00
«/»
O’ /  a= 2 .5
PL4
o r I  a




c r /  X = 1 .0  
X /  a  = 0 .45  
°  P = 0 .9
F ig u re  4 -1 7 .  P ( l e f t )  v e r s u s  i/» w i th  cr /  a and
O ’ /  X as  Param ete rs
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w i l l  be  d e f in e d  In  an a n a lo g o u s  f a s h io n .  That i s
P ( l e f t )  = ÂB F /  (ÂB F + CD) . (4-21)
S ince  t h i s  could  n o t  be d e r iv e d ,  t h i s  s ta te m e n t  has  n o th in g  b u t  a  b a s ic
h e u r i s t i c  i n d i c a t i o n  o f  c o r r e c t n e s s .
Note a s  F a p p r o a c h e s ' i n f i n i t e ,  P ( l e f t )  = 1 and i f  F = 1 .000 , P ( l e f t )  1.
The c o m p u ta t io n  o f  f i r s t  in c id en ce  p r o b a b i l i t y  i s  made in  sub­
r o u t i n e  APROB (append ix  C ) •
F i r s t  In c id e n ce  P o in t  
To d e te rm in e  th e  f i r s t  p o in t  o f  in c id e n c e  on e i t h e r  t h e  r i g h t  o r  
l e f t  s id e  o f  th e  rounded  V -groove , th e  b a s ic  a ssum ption  i s  t h a t  th e  i n c i ­
d e n t  e n e rg y  b u n d le s  a r e  u n i fo rm ly  d i s t r i b u t e d .  Tne p r o b a b i l i t y  i s  un ifo rm
a c r o s s  t h e  beam be tw een  l i n e s  a lo n g  th e  i n c i d e n t  d i r e c t i o n  i n t e r s e c t i n g  
th e  s u r f a c e  a t  x = x*  and x = a  f o r  th e  r i g h t  s i d e  and i n t e r s e c t i n g  th e
s u r f a c e  a t  x = 0 and  x = x ^  f o r  th e  l e f t  s i d e .
An i l l u s t r a t i o n  o f  th e  p e r t i n e n t  geom etry  f o r  th e  d e t e r m i n a t i o n  o f  
th e  f i r s t  i n c id e n c e  p o i n t  on th e  r i g h t  s id e  a p p e a r s  a s  F ig u re  4 -1 8 .  Let
A = c o t  Y, where Y i s  th e  a n g le  o f  in c id e n c e .  Then
^  = A (x ' |  -  x) + y |
= A(a -  x) +  P .
3)
At X = 0, we may d e f i n e  a u n i fo rm ly  d i s t r i b u t e d  random number
•2) v o ;




Figure 4-18. Geometry Used in Defining the First Point of Incidence
on Right Side of Rounded V-groove
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y = A(x* - x) + y* + Ra[A(a - x*) +  (P - y * ) ]  .
N o t ic e  the  l i n e  o f  f l i g h t  o f  th e  e n e rg y  bund le  i n c i d e n t  a t  th e  t r a n s i t i o n  
p o i n t  (Xg, Yg) i s
Yq = A (x2 - x) +  ÿg .
So a t  X = 0 ,
yq - A(Xg - x*g) + (ÿg - h) .
Thus th e  p a r t i c u l a r  u n ifo rm ly  d i s t r i b u t e d  random number which would p ro ­
duce yg = Yq would be
To s e l e c t ,  in  a  random f a s h io n ,  t h e  p o in t  o f  f i r s t  i n c id e n c e ,  two c ases
m ust be c o n s id e r e d .
Case I :  R ^  R a
In  t h i s  case  y^Cx) and y g (x )  m ust be so lv e d  s im u l ta n e o u s ly  f o r  x .
y i e l d i n g
+  y ;  +  -  >‘p  + -  y f ) ] l  . ( 4 - 2 2 )
a  +  A(a - X^)
Thus f o r  R^ = 0 ,  x = x* and f o r  R^ = R, x = Xg.
Case I I :  R s  R a
In  t h i s  case  y , ( x )  = y ^ (x )  r e s u l t s  in
^ _ (AC + a )  _ [(AC + a ) ^  - (1 + A^)(C^ + a^  - b g ^ )]*
1 + A^ ~  1 + a 2 (4-23)
where C = y* - Hg +  Ax* + R^[A(a -  x*) + (P -  y * ) ]  .
To compute th e  p o in t  o f  f i r s t  in c id e n c e  on th e  l e f t  s i d e  o f  th e
rounded  V-groove two c a se s  must b e  c o n s id e r e d .
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Case I  : ^ ^  -  6^ (see  F ig u re  4-19)
As i n  th e  p re c e d in g  case  
A = c o t  ijf
r y j  = -Ax + p
= -A(x - X * )  + y*
yq = -A(x - x^) 4-
y ,  = -Ax + P + (Ax* + y* - P)
© ■ © a t  X = 0
©■©
Subcase (a)  R^ ^  R
For t h i s  s i t u a t i o n ,  y ,  = y , , r e s u l t i n g  in
X  =
P - a  + R^(Ax* + y* - P)
A - m.
where m, = a/X . i  o
Thus f o r  R = 1, x = x* and  f o r  R = R, x = x ,  a 1 a 1
Subcase (b) R^ ^  R
Thus y ,  = y^ r e s u l t i n g  in
AC [ b ^ ^ l  +
" T 7 7 --------------r r ? —
where C = P -  4- R^(Ax^ +  y* “ P) •
Case I I :  \|f >  ^  -  9̂  ̂ ( se e  F ig u re  4-20)
(4-24)
(4-25)
In  t h i s  p a r t i c u l a r  c a s e ,  th e  p o in t  (x* , y*) may be shadowed. I f
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X * XX
F ig u re  4 -19 . Geometry Used i n  D e f in in g  F i r s t  P o in t  
o f  In c id e n c e  on L e f t  Side o f  Rounded 





F ig u re  4 -20 . Geometry Used i n  D e f in in g  F i r s t  Po in t  




so ,  we m ust d e f i n e  a  new p o i n t  o f  maximum p e n e t r a t i o n  fo r  t h i s  s i d e .  Tnis 
may be a c c o m p lish e d  e a s i l y  by n o t in g  t h a t  the  shadow boundary  i s  d e t e r -  
mined by  I  * N = 0 .  Thus th e  shadow boundary  p o i n t  i s  
x ' = b^ co s  j/ 
y '  = y ^ ( x ' )  .
Thus X *  = xV and y*  = h  = y ' .  With th e s e  d e f i n i t i o n s  th e  com puta tion  of 
c a se  I ,  subcase  (b) y i e l d s  th e  f i r s t  in c id e n c e  p o i n t .  I f  (x*, y * ) i s  no t 
shadowed, th e  p r o c e d u r e  i s  to  u se  case  I ,  subcase  (b) w i th  the  o r i g i n a l  
(x*, y * ) .
P o in t  (x ,  y )  i s  computed in  s u b ro u t in e  XYLFT o r  XYRIT (appendix  C) .
R e f le c te d  D i r e c t io n  
The law o f  r e f l e c t i o n  may be used  to  d e te rm in e  th e  r e f l e c t e d  d i ­
r e c t i o n  in  g e n e r a l  form g iv en  th e  i n c i d e n t  d i r e c t i o n ,  th e  e q u a t io n  o f  th e  
s u r f a c e ,  and th e  p o i n t  o f  in c id e n c e .
C o n s id e r  t h e  d e te r m in a t io n  o f  th e  r e f l e c t e d  d i r e c t i o n .  R e c a l l  
t h a t  f o r  r e g u l a r  r e f l e c t i o n  th e  ang le  o f  in c id e n c e  \(r e q u a ls  th e  a n g le  o f  
r e f l e c t i o n  0 .  Thus
cos i|r = c o s  0
and s in  = s i n  0 .
In  v e c t o r  form t h e s e  e q u a t io n s  a r e
N - R = -  N ' T  (4-26)
and I  X N = R X N . (4-27)
O p e ra t in g  on e q u a t i o n  (4-27) by N X y i e l d s
N X  ( I X N )  = N X ( R X N )
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o r  I - ( N - Ï ) N  = R -  ( N - R ) N .
Thus R = I - [ ( N - I ) - ( N - R ) ]  N
— w*
= I - 2 ( N - I ) N  from e q u a t io n  (4 -2 6 ) .
And in  C a r t e s i a n  c o o rd in a te  m a t r ix  form R = M I
2
w here  M =







-  2n n 
X  z
1 - 2n‘ I
and n , n , and n a r e  the  components o f  t h e  normal to  the  s u r f a c e  a t  th e  x ’ y ’ z
So
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0 7 \ h .
And i f  I  = s in  A and I  = - cos AX y
« y  '  -  ^ “ x " y  I ,  +  ( 1  -  ' V  " y  •
These c o e f f i c i e n t s  a r e  d e te rm in e d  i n  s u b ro u t in e  REFLT (appendix  C)
Model C h a r a c t e r i s t i c s  
Now t h a t  th e  b a s i c  a s su m p tio n s  o f  th e  a n a l y t i c a l  model have been  
d i s c u s s e d ,  i t  would seem a d v i s a b l e  to  p u t  th e  w hole  p i c t u r e  t o g e t h e r .  I t  
may be r e c a l l e d  from th e  p r e v io u s  s e c t i o n s  t h a t  th e  a n a l y s i s  o f  t h i s  r e ­
s e a r c h  was conduc ted  u s in g  a Monte C a r lo  m ethod. Thus each e ne rgy  b u n d le
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c o n s id e r e d  r e q u i r e s  the  c o n s t r u c t i o n  o f  a new rounded V-j;roove. So height 
a ,  w id th  a ,  and V-groove v e r t e x  p o i n t ,  a r e  a l l  d i f f e r e n t  f o r  each e n e r ­
gy b u n d le .  T h e re fo re  th e  lo b in g  e f f e c t s  o f  p e r i o d i c a l l y  rough s u r f a c e s  
w i l l  no t  be obse rved  (4 1 ) .
T h is  a n a l y s i s  was programmed f o r  t h e  IBM-360-40 system , a v a i l a b l e  
a t  th e  U n i v e r s i ty  o f  Oklahoma, u n d e r  th e  code name NCR. The program i s  
l i s t e d  in  Appendix C. P r im ary  r e q u i r e m e n ts  to  i n i t i a t e  a  run  a r e  an a n g le  
o f  in c id e n c e ,  \]f, RMS h e i g h t ,  a ,  RMS w id th ,  a ,  w a v e len g th ,  X, and th e  com­
p o n e n ts  o f  t h e  index  o f  r e f r a c t i o n .  W ith  t h i s  i n fo r m a t io n ,  s u r f a c e s  a r e  
c o n s t r u c t e d  i n  the  p r e v io u s ly  i n d i c a t e d  random f a s h i o n .  A p e n e t r a t i o n  
dep th  i s  computed a s  w e l l  a s  th e  f i r s t  i n c id e n c e  p r o b a b i l i t y .  Comparison 
o f  t h i s  p r o b a b i l i t y  to  a  u n i fo rm ly  d i s t r i b u t e d  random number makes th e  
d e c i s i o n  as  to  w hether  t h e  f i r s t  i n c id e n c e s  i s  on t h e  l e f t  o r  r i g h t  s id e  
o f  th e  rounded  V-groove. R e c a l l  th e  p e n e t r a t i o n  d e p th  l i m i t s  how deep ly  
t h e  en e rg y  b u n d le  may go f o r  f i r s t  i n c id e n c e .  Having d e te rm in ed  t h i s  
p o i n t ,  t h e  F r e s n e l  r e f l e c t i o n  c o e f f i c i e n t  f o r  u n p o la r i z e d  l i g h t  (64) i s  
computed. As b e f o r e ,  a random number com parison  w i th  t h i s  c o e f f i c i e n t  
d e te rm in e s  i f  the  energy  bundle  i s  r e f r a c t e d  o r  r e f l e c t e d .  I f  r e f r a c t e d ,  
t h a t  bund le  i s  l o s t  and a  new s u r f a c e  i s  c o n s t r u c t e d .  I f  r e f l e c t e d ,  i t  
does so obey ing  th e  laws o f  g e o m e t r i c a l  o p t i c s  f o r  r e g u l a r  ( s p e c u la r )  r e ­
f l e c t i o n .  The d e te rm in a t io n  i s  now made a s  to  w h e th e r  th e  bund le  e s c a p e s  
th e  rounded V-groove o r  s t r i k e s  t h e  o t h e r  s i d e .  I f  th e  bund le  escap es  
t h i s  geom etry , i t s  a n g le  i s  c a t e g o r i z e d  i n t o  one o f  36 -  f i v e  deg ree  i n ­
t e r v a l s  and co u n te d .  I f  th e  bu n d le  does  n o t  e sca p e  th e  geom etry , a 
s t r a i g h t  l i n e  t r a j e c t o r y  i s  u sed  t o  d e te rm in e  th e  p o i n t  o f  in c id e n c e  on 
th e  o t h e r  s id e  o f  th e  rounded V -groove. N o te ,  t h e  d e p th  o f  p e n e t r a t i o n
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r e s t r i c t i o n  i s  n o t  used; t h a t  i s ,  th e  energy  bundle  may s t r i k e  any l i n e  
o f  s i g h t  p o s i t i o n  on the  rounded V-groove a f t e r  f i r s t  in c id e n c e .  When th e  
p o in t  o f  second in c id e n c e  i s  d e te rm in e d ,  th e  F re sn e l  c o e f f i c i e n t  i s  com­
p u ted  and the  r e f l e c t e d - r e f r a c t e d  d e c i s io n  i s  made, w i th  the  same a l t e r ­
n a t i v e s .  This p ro ce d u re  may c o n t in u e  up to  fo u r  t im es .  I f  th e  energy  
bundle  does no t e scape  by th e  f o u r t h  r e f l e c t i o n ,  i t  i s  d e f in e d  a s  t ra p p e d  
and a new s u r f a c e  i s  c o n s t r u c te d .
The o u tp u t  o f  th e s e  runs a r e  p r e s e n te d  in  two form s. The f i r s t  i s  
j u s t  an a c c u m u la t iv e  count o f  th e  number o f  energy  b u n d le s  which escape  
in to  th e  v a r io u s  f i v e  deg ree  i n t e r v a l s .  A lso  a coun t i s  made a s  to  th e  
number which e sca p e  in  one degree  i n t e r v a l s  on e i t h e r  s id e  o f  th e  r e g u l a r  
r e f l e c t i o n  a n g le  ( i . e .  \ | t - 5 ° ^ 9 : ^ \ | r  +  5 ° ) .  The second l i s t i n g  o f  th e  
d a ta  i s  a  r a t i o  o f  th e  number in  a  f i v e  d eg ree  i n t e r v a l  and th e  maximum 
number i n  any i n t e r v a l .
A run c o n s i s t s  o f  a t  most 10,000 e ne rgy  bund les  w i th  an e x e c u t io n  
tim e o f  4 to 5 m in u tes  p e r  1 ,000 e ne rgy  b u n d le s .
The number o f  energy  b u n d les  r e c e iv e d  i s  p r o p o r t i o n a l  to  th e  e n e r ­
gy and th u s  th e  i n t e n s i t y .  R e c a l l  from c h a p te r  I I  t h a t  r e f l e c t a n c e s  a r e
r a t i o e s  o f  i n t e n s i t i e s .  Thus th e  b i a n g u l a r  r e f l e c t a n c e  o f  any t e s t  s p e c i ­
men in  t h e  d i r e c t i o n  (0 , tp), w i th   ̂ b e in g  th e  a n g le  o f  i n c id e n c e ,  r e l a t i v e
t o  th e  b i a n g u l a r  r e f l e c t a n c e  o f  th e  sample i n  th e  s p e c u la r  d i r e c t i o n  u n d e r
th e  same i r r a d i a t i o n  c o n d i t io n s  and r e c e iv i n g  acce p tan c e  a n g le ,  i s  j u s t  
th e  r a t i o  o f  th e  c o rre sp o n d in g  numbers o f  energy  bu n d les .
T h e re fo re
N (* ;* ,0 )  (4 -28)
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where N(\j(,0,cp) i s  th e  number o f  energy  b u n d les  r e c e iv e d  about t h e  d i r e c t i o n  
(9,cp) when ijt i s  th e  a n g le  o f  i n c id e n c e .  N o t ice  e q u a t io n  (4-28) i s  j u s t  
r e p r e s e n t a t i o n  (3) o f  d a t a ,  d i s c u s s e d  in  c h a p te r  I I ,  and th e  second  mode 
o f  MCR d a ta  p r e s e n t a t i o n .  A l l  d a ta  p r e s e n t e d  from t h i s  r e s e a r c h  w i l l  be 
b a sed  on t h i s  e q u a t i o n .
The changes o f  r e f l e c t e d  d i s t r i b u t i o n s  w i th  th e  v a r i a t i o n  o f  th e  
d i s c u s s e d  p a ra m e te rs  may be seed  in  F ig u re s  4-21 to  4 -2 4 .  In  F ig u re s  
4-21  to  4-23 the  second form o f  MCR d a ta  p r e s e n t a t i o n  i s  p l o t t e d  w h i le  in  
F ig u re  4 -24  the  f i r s t  mode i s  i l l u s t r a t e d .  F ig u re  4 -21  i n d i c a t e s  t h i s  
model fo l lo w s  th e  a p p r o p r i a t e  t r e n d  f o r  a/X.. That i s  as  a/X i n c r e a s e s ,  
th e  r e f l e c t e d  d i s t r i b u t i o n  becomes more n o n - r e g u la r .  F ig u re  4 -22  i l l u s ­
t r a t e s  th e  sp re a d  o f  th e  d i s t r i b u t i o n  w i th  th e  r a t i o  o f  a / a .  T h is  i s  con­
s i s t e n t  w i th  th e  a ssu m p t io n  t h a t  i f  t h e  energy  b u n d le  g e ts  i n t o  th e  V- 
g ro o v e ,  a more n o n - r e g u l a r  c h a r a c t e r i s t i c  w i l l  r e s u l t .  Thus t h e  l a r g e r  
th e  r a t i o  a / a ,  a l l  e l s e  b e in g  e q u a l ,  th e  h ig h e r  th e  f i r s t  in c id e n c e  p o in t  
i s  on th e  rounded V -groove. In c lu d e d  on p a r t  a o f  t h i s  f i g u r e  i s  th e  
I d e a l  o r  Lambert d i s t r i b u t i o n .  F ig u re  4-23  i l l u s t r a t e s  th e  e f f e c t  o f  
v a r i a t i o n  o f  p a ra m e te r  P. R e c a l l  t h a t  a s  P a p p ro a c h e s  one, t h e  amount o f  
roundness  a t  th e  p eak s  d e c r e a s e s .  N o t ic e  t h a t  i n c r e a s i n g  th e  p a ra m e te r  P 
has  a  s i m i l a r  e f f e c t  a s  d e c r e a s in g  th e  a / a  r a t i o .  The d i f f e r e n c e  i s  t h a t  
th e  change in  P more d r a s t i c a l l y  e f f e c t s  th e  c u r v a t u r e  of th e  p e a k .  F ig u re  
4 -24  i s  p r e s e n te d  to  i n d i c a t e  th e  a c t u a l  d i f f e r e n c e  t h e  change in  th e  a n g le  
o f  i n c id e n c e  h as  on th e  d i s t r i b u t i o n  shape and maximum m ag n itude . N o t ice  
t h a t  t h e  d i s t r i b u t i o n  becomes more s l e n d e r  and t a l l  a s  the  a n g le  o f  i n c i ­
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F ig u re  4 -2 4 .  I l l u s t r a t i o n  o f  V a r i a t i o n  o f  R e f le c te d  D i s t r i b u t i o n
as  a F u n c t io n  o f  Angle o f  In c id e n c e
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C losu re
I t  must be remembered t h a t  t h i s  model r e p r e s e n t s  on ly  an a r t i f i c i a l  
resem b lance  to  the  a c t u a l  f a c t .  I t  i s  an a t t e m p t  to  make p r o g r e s s  in  u n d e r ­
s ta n d in g  how and why rough s u r f a c e s  r e f l e c t  a s  th e y  do and i n  p a r t i c u l a r  to  
look  a t  th e  r e g io n  n o t  e x p l i c i t l y  co v e red  by th e  more a p p e a l in g  d i f f r a c t i o n  
th e o r y ,  t h a t  i s  th e  r e g io n  a /X  ~  1- The r e s u l t s  w i l l  h o p e f u l ly  y i e l d  sug­
g e s t i o n s  a s  to  what s u r f a c e  p a ra m e te r s  m ight be m easured  f o r  a c c u r a t e  p r e ­
d i c t i o n  o f  th e  r e f l e c t e d  e n e rg y  d i s t r i b u t i o n  f o r  a l l  w a v e le n g th s .
CHAPTER V
COMPARISON OF MODEL TO EXPERIMENTAL RESULTS
C h a p te r  IV has  b e e n  u sed  to  d e v e lo p  th e  m odel, th u s  s e t t i n g  th e  
s ta g e  t o  c o n s id e r  I t s  u s e f u l n e s s .  B e fo re  a c t u a l l y  c o n s id e r in g  a compar­
iso n  o f  th e  model w i th  p u b l i s h e d  e x p e r im e n ta l  d a t a ,  a b r i e f  s ta t e m e n t  o f  
th e  pu rp o se  f o r  t h i s  w i l l  be made.
A l l  t h e o r i e s  and m odels  f o r  w h a te v e r  p h y s ic a l  phenomena th e y  a r e  
supposed to  d e s c r ib e  m ust f a c e  th e  t e s t  o f  conform ing  to  r e a l i t y .  Thus 
by f i t t i n g  th e  o u tp u t  o f  t h e  MCR d i g i t a l  computer program to  e x p e r im e n ta l  
d a ta ,  s t a t e m e n t s  may be made c o n c e rn in g  th e  p a ra m e te rs  v i t a l  t o  a tho rough  
u n d e rs t a n d in g  o f  th e  e f f e c t  o f  rough s u r f a c e s  on th e  r e f l e c t e d  d i s t r i b u ­
t i o n .  H e r e to f o re  th e  o n ly  s u r f a c e  c h a r a c t e r i s t i c  a c t u a l l y  p r e s e n te d  In  
a r e f l e c t a n c e  m easurem ent was the  RMS ro u g h n ess ,  a .  This  d im ension  h a s  
been u s e d  I n  t h e  m odel. I n  a d d i t i o n ,  an  RMS peak to  peak d im ens ion , a ,  
has  b een  u sed  In  l i e u  o f  t h e  a u to c o v a r ia n c e  l e n g th  In tro d u c e d  In  th e  
t h e o r i e s  a v a i l a b l e .  A lso  a  peak  roundness  p a ra m e te r ,  P , h as  been  I n t r o ­
duced. The u s e f u l n e s s  o f  t h e s e  p a ra m e te rs  i n  d e s c r i b in g  th e  r e f l e c t e d  
energy  d i s t r i b u t i o n  m ust be  exam ined.
E x p e r im e n ta l  C o n s id e ra t io n s
B efo re  a t t e m p t in g  to  m atch th e  e x p e r im e n ta l  d a t a ,  c o n s i d e r a t i o n  
must be  g iv e n  t o  th e  s e t - u p  o f  th e  a p p a r a tu s  and w hat th e  r e s u l t a n t  d a ta
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from t h i s  a p p a r a tu s  t r u l y  r e p r e s e n t s .  Three p o i n t s  must be d i s c u s s e d .  
They a r e  1) th e  c o n d i t i o n s  of s u r f a c e  i l l u m i n a t i o n  and  v iew in g ,  2) de­
t e c t e d  d i s t r i b u t i o n  d i s t o r t i o n  due to  f i n i t e  a p e r t u r e  ^ s iz e s  and 3) o p t i c a l  
ro u g h n e ss .
1) A l l  e x p e r im e n ta l  m ethods u se  c o m b in a t io n s  o f  c o l l im a te d  and  focused  
beams f o r  th e  i n c i d e n t  an d  r e f l e c t e d  e n e rg y .  I t  i s  im p o r ta n t  to  d e te rm in e  
i f  t h e  s u r f a c e  u n d e r  i n v e s t i g a t i o n  i s  t o t a l l y  o r  p a r t i a l l y  c ove red  by th e  
f i e l d  o f  view o f  th e  i n c i d e n t  a n d /o r  v iew in g  o p t i c s .  I f  th e  s u r f a c e  i s  
t o t a l l y  covered  by  th e  i n c i d e n t  beam, i t  i s  s a id  to  be o v e r - i l l u m i n a te d ;  
o th e r w is e  i t  i s  s a id  to  be u n d e r - i l l u m i n a t e d .  S i m i l a r ly  i f  th e  a re a  
v iew ed  by th e  r e c e i v i n g  o p t i c s  i s  l a r g e r  th an  th e  s u r f a c e  unde r  examina­
t i o n ,  i t  i s  s a i d  to  be o v e r - d e t e c t e d ,  o th e r w is e  u n d e r - d e t e c t e d .  In  
e i t h e r  o f  th e  " o v e r "  c a s e s ,  t h e  c o r r e s p o n d in g  p r o j e c t e d  a r e a  v a r i e s  a s  
t h e  c o s in e  o f  t h e  a n g le  betw een  th e  s u r f a c e  normal and the  d i r e c t i o n  o f  
i n t e r e s t .  I n  e i t h e r  o f  t h e  " u n d e r"  c a s e s ,  th e  a r e a  viewed i s  v a r i e d ,
b u t  th e  s u r f a c e  a lw ays i n t e r c e p t s  t h e  t o t a l  a r e a  viewed by th e  c o r r e s ­
pond ing  o p t i c s .  The F ig u re  (5 -1 )  i l l u s t r a t e s  th e  commonly u sed  e x p e r i ­
m e n ta l  s i t u a t i o n s .  The i n t e r p r e t a t i o n  o f  th e  d e t e c t o r  o u tp u t  depends 
upon which c o m b in a tio n  i s  u se d  i n  th e  e x p e r im e n ta l  s i t u a t i o n .  For 
exam ple ,  in  t h e  o v e r - i l l u m i n a t e d ,  u n d e r  d e t e c t e d  s i t u a t i o n  f o r  a d i f f u s e  
s u r f a c e ,  i f  \|r i s  f i x e d ,  t h e  d e t e c t o r  o u tp u t  would be c o n s ta n t  a s  6 i s  
v a r i e d .  I f  0 i s  f ix e d  an d  ^ i s  v a r i e d ,  th e  d e t e c t o r  o u tp u t  w i l l  v a ry  
a s  t h e  c o s in e  o f  ^ .
2) S ince  f i n i t e  a n g le s  o f  a c c e p ta n c e  a r e  n e c e s s a ry  in  a c t u a l  e x p e r im e n ta l  
a p p a r a t u s ,  a  c e r t a i n  d e g re e  o f  d i s t o r t i o n  w i l l  be e x h i b i t e d  (13 , 6 5 ) .
The a n g le  o f  a c c e p ta n c e ,  a s  u s e d  i n  t h i s  d i s c u s s i o n ,  i s  th e  g e n e r a t i n g
>s
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a ng le  o f  the  s o l i d  a n g le  cone o f  r a d i a t i o n ,  i n c i d e n t  o r  r e c e iv e d .  T h is  
i s  p a r t i c u l a r l y  e v id e n t  when th e  r e f l e c t e d  energy  d i s t r i b u t i o n  d i s p l a y s  a 
sha rp  in c r e a s e  such a s  would be e n c o u n te re d  w i th  a l a r g e  r e g u l a r  compo­
n e n t .  A s im ple  model may be c o n s t r u c te d  in  an a t te m p t  to  a ccoun t  f o r  t h i s .  
Assume t h a t  the  a r e a  viewed by th e  d e t e c t o r  i s  c i r c u l a r  and o f  r a d iu s  c .  
A lso  f o r  s i m p l i c i t y ,  assume th e  s e n s i t i v i t y  i s  un ifo rm  a c ro s s  t h i s  a r e a .  
Assume th e  r e f l e c t e d  beam i s  a l s o  un ifo rm  and c i r c u l a r  o f  r a d iu s  b . The 
o u tp u t  o f  t h i s  d e t e c t o r  w i l l  be d i r e c t l y  p r o p o r t io n a l  t o  th e  a r e a  common 
to  b o th  th e  beam and th e  d e t e c t i n g  a r e a .  F ig u re  5-2  i l l u s t r a t e s  the  geom­
e t r y ,  w i th  th e  shaded a r e a  r e p r e s e n t in g  th e  a r e a  i n  common.
I f  u = y / c ,  th en
T] = ta n
y
Thus th e  shaded a r e a  i s
S = (T^c  ̂ -  c^u / I  -  u2) +  ( |b ^  -  cx J i  _ u2)
N orm aliz ing  S t o  th e  d e t e c t i n g  a r e a  y i e l d s
.2
TTC TT
= i  [ o o .- ‘ u + 0 )  co s '^ (f)]  - [u + f ]
w here x “ C \ / (  — ) - 1 + u
N otice  i f  c ■ b ,  x  « y and
Fjj “  “  [ c o s  ^u -  u / I  - u^ ]
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F ig u re  5 -2 .  Geometry Used i n  Uniform B eam -Fin ite
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F ig u re  5 -3 .  I d e a l  D e te c to r  Responses Due to F i n i t e
A p e r tu re s
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F ig u re  5-3  I l l u s t r a t e s  th e  v a r io u s  e x p e c te d  r e s p o n s e s  f o r  v a r io u s  
c o m b in a t io n s  of c and b .
Both o f  t h e s e  i tem s w i l l  be  used in  t h e  d i s c u s s io n s  t h a t  fo l lo w .
3) When r e f l e c t a n c e  e x p e r im e n ts  a r e  co n d u c te d ,  a t t e m p t s  a r e  made to  m eas­
u r e  th e  RMS ro u g h n ess .  R e c a l l  t h a t  roughness  a s  u sed  i n  t h i s  i n v e s t i g a t i o n  
i n d i c a t e s  a  s t a t i s t i c a l  d e s c r i p t i o n  f o r  an  i s o t r o p i c  random ly rough s u r ­
f a c e .  O th e r  s u r f a c e  d e s c r i p t i o n s  such as  w a v in e s s ,  t o o l  m a rk in g s ,  and r e ­
l a t i v e l y  i n f r e q u e n t  m in u te  c r a c k s  o r  f law s  a r e  c o n s id e re d  so b i g  o r  w id e ly  
spaced  a s  to  be e x c lu d ed  from t h e  roughness  m easurem ents  o f  i n t e r e s t  h e r e .  
A lso  th e  s u r f a c e s  a r e  c o n s id e r e d  f r e e  of c o n ta m in a t io n .  P r o f i l o m e t r y  i s  
t h e  most common method used  f o r  e v a lu a t i n g  th e  roughness  o f  a  s u r f a c e .
O th e r  m ethods a r e  a v a i l a b l e  (66) . I f  th e  s u r f a c e  i r r e g u l a r i t i e s  a r e  v e ry  
deep o r  c l o s e l y  spaced  o r  th e  m a t e r i a l  o f  th e  s u r f a c e  i s  s o f t ,  t h i s  method 
y i e l d s  v e ry  u n r e l i a b l e  r e s u l t s .  That i s ,  th e  p h y s ic a l  d im ension  o f  th e  
t i p p e d  s t y l u s  c a n n o t  a c t u a l l y  fo l lo w  th e  s u r f a c e ,  o r  i t s  w e ig h t  d e s t r o y s  
t h e  a c t u a l  c o n to u r .  T h e r e f o r e ,  a s  would be e x p e c te d ,  g r e a t  d i f f i c u l t y  h as  
been  e x p e r ie n c e d  in  a t t e m p t s  to  f i t  t h e  r e g u l a r  component o f  th e  th e o r y  o f  
D a v ie s ,  f o r  exam ple, to  d a ta  i n  t h e  r e g io n s  when t h i s  th e o r y  sh o u ld  be v a l i d .  
As an  a l t e r n a t i v e ,  th e  th e o ry  i s  u sed  to  d e te rm in e  a n o th e r  roug h n ess  m eas­
u rem en t.  T h is  d im ension  i s  te rm ed  "RMS o p t i c a l  ro u g h n ess"  and  i s  ob­
t a i n e d  by m ea su r in g  th e  r e f l e c t a n c e  a t  v e ry  long  w a v e le n g th s  and sm a l l  a n g le s  
o f  a c c e p ta n c e  (13, 14, 65 and 5 4 ) .  As cou ld  b e  e x p e c te d ,  t h e s e  numbers a r e  
l a r g e r  th an  a r e  o b ta in e d  by m e c h a n ic a l  means b y  from 1 .2  t o  3 t im e s .  I n  th e  
a n a l y s i s  o f  t h i s  i n v e s t i g a t i o n ,  t h e  o p t i c a l  RMS roughness  w i l l  be u s e d .
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Example f o r  Comparison
In  o r d e r  to  d e te rm in e  th e  u s e f u l n e s s  o f  t h i s  model, i t  was com­
p a re d  to  e x p e r im e n ta l  d a t a  p u b l i s h e d  by o t h e r  i n v e s t i g a t o r s .
The f i r s t  d a ta  c o n s id e r e d  were t h a t  p r e s e n t e d  in  r e f e r e n c e  (13 ) .  
B irk e b a k  u sed  th e  u n d e r - i l l u m i n a t e ,  o v e r - d e t e c t  method w ith  a n g le s  o f  
a c c e p ta n c e  o f  a p p ro x im a te ly  two d e g re e s .  The two t e s t  samples c o n s id e re d  
w ere  aluminum c o a te d  ground g l a s s  and roughened  n i c k e l .  The d a t a  a r e  
p r e s e n t e d  a s  a  r a t i o  o f  two b i a n g u l a r  m easurem ents  s im i l a r  t o  t h e  second 
o u t p u t  l i s t i n g  o f  th e  NCR d i g i t a l  computer program  d is c u s s e d  p r e v io u s ly  
in  C h a p te r  IV. The o n ly  u s a b le  s u r f a c e  c h a r a c t e r i s t i c  s t a t e d  by B irk eb ak  
i s  th e  RMS o p t i c a l  ro u g h n e s s .  Thus d e c i s i o n s  had  t o  be made a s  to  th e  
m a g n i tu d e s  o f  ô / â  and P . F ig u re s  5-4 to  5 -8  i l l u s t r a t e  the  com parisons
f o r  v a r i o u s  p i e c e s  o f  d a t a .  The d a ta  o f  F ig u re  5 -4  was taken  on an
aluminum c o a te d  ground g l a s s  sample w i th  = 0 .5 8 .  The MCR o u tp u t
f o r  a / a  = 0 . 5 ,  a/X = 0 .6  and P = 0 .4  f i t s  q u i t e  w e l l .  S i m i la r ly  f o r  a 
n i c k e l  sample and a^/X = 0 . 6 ,  t h e  MCR o u tp u t  o f  a / a  = 0 .5 ,  a/X = 0 . 6  and 
P = 0 .5  i s  in  good ag reem en t  (F ig u re  5 - 5 ) .  F ig u re  5 -6  i s  an i l l u s t r a t i o n  
o f  th e  d i r e c t  s u p e r p o s i t i o n  o f  th e  r e g u l a r  and n o n - r e g u la r  components.
F o r  th e  a n g le s  o f  a c c e p ta n c e  g iv e n  by B irk e b a k ,  t h e  r e g u l a r  r e s p o n s e  
f u n c t i o n  was f i t t e d  to  th e  s p ik e d  p o r t i o n .  The o u tp u t  of MCR was f i t t e d  
t o  th e  rem a in d e r  o f  t h e  f i g u r e .  This  f i g u r e  i s  p l o t t e d  f o r  a  t e s t  sam­
p l e  o f  n i c k e l  w i th  a^/X  e q u a l  t o  0 .32  and MCR o u tp u t  o f  a/X = 0 .3 ,
â / â  = 0 . 5  and P = 0 .5 .  A s i m i l a r  p ro ce d u re  was u se d  t o  f i t  t h e  r e g u l a r  
r e s p o n s e  f u n c t i o n  and th e  MCR o u tp u t  to  a n o th e r  n i c k e l  sample a s  i l l u s ­
t r a t e d  in  F ig u re  5 -7 .  F ig u re  5 -8  i s  th e  f i n a l  p i e c e  o f  d a ta  p r e s e n te d  
by B irk eb a k  i n  which th e  o u tp u t  o f  MCR and  th e  r e g u l a r  re sp o n se  was f i t t e d .
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A l-co a ted  grd. g l a s s :  CTo/ k  = 0 ,58
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F ig u re  5 -4 .  G ra p h ic a l  Comparison o f  Raw Data  o f  
B irkebak  and MCR Output
▼ N ic k e l :  o ^ / X = 0 .6
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Figure 5-5. Graphical Comparison of Raw Data of
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■ N ic k e l ;  o©/ A = 0 . 3 2








F ig u re  5 -6 .  G ra p h ic a l  Comparison o f  Raw Data o f  
B irkebak  and MCR O utput
▼ N ic k e l ;  a j  A = 0 . 2 3  
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A gain th e  f i t  i s  q u i t e  good.
The second s e t  of d a ta  c o n s id e re d  f o r  com parison  was t h a t  p r e ­
s e n te d  in  r e f e r e n c e  (1 4 ) .  The m a t e r i a l  used in th e  e x p e r im e n ts  o f  th e s e  
i n v e s t i g a t o r s ,  T o r ra n c e  and Sparrow, was a n o n c o n d u c to r ,  f u s e d  p o l y c r y s ­
t a l l i n e  m agnesium -oxide  c e ra m ic .  The a c ce p ta n c e  a n g le s  of a p p ro x im a te ly  
two d e g re e s  i n  an u n d e r - i l l u m i n a t e ,  u n d e r - d e t e c t  e x p e r im e n ta l  s e t - u p  was 
u s e d .
The a n a l y s i s  f o r  n o n -c o n d u c t in g  m a t e r i a l  i s  somewhat more com­
p l i c a t e d  th a n  f o r  a  c o n d u c to r .  Tlie r e a s o n  f o r  t h i s  i s  t h a t  t h e r e  i s  a 
c o n t r i b u t i o n  to  th e  r e c e iv e d  e n e rg y  due to  a volume e f f e c t .  T h is  e f f e c t  
i s  a v a i l a b l e  when c o n s id e r in g  r e f l e c t i o n  from m e ta l s  b u t  th e  m agn itude  
o f  t h i s  component i s  q u i t e  sm a ll  due to  th e  l a r g e  a b s o r p t io n  c o e f f i c i e n t s  
a s s o c i a t e d  w i t h  m e t a l s .  I n  t h e  c a se  o f  d i e l e c t r i c s ,  t h i s  c o n t r i b u t i o n  
may be s i z e a b l e .  I n  ag reem en t w i th  o t h e r  i n v e s t i g a t o r s  (24, 3 1 ) ,  i t  i s  
assumed t h a t  t h i s  volume c o n t r i b u t i o n  i s  d i f f u s e  f o r  th e  a n a l y s i s  u sed  
in  t h i s  w ork.
As i n  th e  p r e v io u s  c a s e ,  th e  d a t a  a r e  p r e s e n t e d  a s  a  r a t i o  o f  b i ­
a n g u la r  r e f l e c t a n c e s .  A g r a p h ic  com parison  may be  made from F ig u re s  5-9 
and 5 -1 0 .  These d a ta  were tak e n  on th e  same sample a t  two a n g le s  o f  i n ­
c id e n c e  and two d i f f e r e n t  w a v e le n g th s .  The c o n d i t i o n s  of t h e  s u r f a c e  and 
th e  v a r i a b l e s  used in  the MCR d i g i t a l  computer p rogram  a p p e a r  in  th e  
f i g u r e s .  I n  F ig u re  5 - 9 ,  th e  volume e f f e c t  i s  r e p r e s e n t e d  by a  c o n s t a n t  
v a lu e .  The d i f f e r e n c e  betw een 5-9 a  and b i s  o n ly  t h e  a n g le  o f  i n c id e n c e .  
I n  F ig u re  5 - 1 0 ,  in  a d d i t i o n  t o  th e  volume e f f e c t  and  th e  rough  s u r f a c e  
e f f e c t ,  a s i z e a b l e  r e g u l a r  component may be n o te d .  T h is  component was 
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Figure 5-9. Graphical Comparison of Raw Data of Torrance
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Figure 5-10. Praphical Comparison of Raw Data of Torrance
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betw een F ig u re s  5-9 and 5 -10  i s  t h a t  the  w ave leng th  was I n c r e a s e d  from
0 .5 ^  to  1.5(j, and the  d i f f e r e n c e  between 5-10 a  and b i s  th e  a n g le  of 
in c id e n c e .  I t  may be n o te d  t h a t  th e  v a lu e s  u sed  in  MCR were chosen  in  
a c co rd a n ce  w i th  th e  d a ta  a v a i l a b l e  from t h i s  p u b l i c a t i o n  and t h a t  the  
f i t  i s  q u i t e  good.
A p o r t i o n  o f  th e  d a ta  p r e s e n te d  in  r e f e r e n c e  (16 ) ,  by H ero ld  and 
Edwards, was c o n s id e re d  n e x t .  These i n v e s t i g a t o r s  u sed  an u n d e r - i l l u m i ­
n a t e ,  o v e r - d e t e c t  method w i t h  v e ry  la r g e  a n g le s  o f  a c c e p ta n c e :  i n c id e n t
3 .4 ° ,  emergence 4 .7 °  shadowed t o  4 . 1 ° .  With a c c e p ta n c e  a n g le s  o f  t h i s  
s i z e  and  in  p a r t i c u l a r  w i th  th e  r e c e iv in g  a n g le  l a r g e r  th a n  t h e  in c id e n c e  
a n g le ,  t h e  r e s u l t a n t  d e t e c t e d  d i s t r i b u t i o n  w i l l  no t  be t r u l y  r e p r e s e n t a ­
t i v e  o f  th e  a c t u a l  d i s t r i b u t i o n .  Data were ta k e n  on s ix  samples of which 
o n ly  th e  F-40 sample o f  aluminum c o a te d  s i n t e r e d  b ronze  and s a n d b la s te d  
aluminum were u se d  f o r  com parison . For th e  F-40 sample, t h e s e  i n v e s t i g a ­
t o r s  d id  not s t a t e  any s u r f a c e  c h a r a c t e r i s t i c s  o th e r  th an  t h a t  i t  was 
"v e ry  d i f f u s e  and h ig h ly  r e f l e c t i v e " .  T h e re fo re  no in fo rm a t io n  was a v a i l ­
a b le  c o n c e rn in g  th e  s u r f a c e  p a ra m e te r s .  The b e s t  f i t  o f  t h e s e  d a ta  i s  
p r e s e n t e d  in  F ig u re  5 -1 1 .  As i n  th e  p re c e d in g  exam ples, once a c lo s e  f i t  
was made f o r  one s e t  o f  p a ra m e te r s ,  on ly  the  p a ra m e te r  t h a t  was e x p e r i ­
m e n ta l ly  v a r i e d ,  in  t h i s  c a se  th e  a n g le  o f  i n c id e n c e ,  was a l t e r e d .  As 
can be seen i n  t h i s  f i g u r e ,  th e  f i t  i s  no t  a s  good a s  i n  th e  p re c e d in g  
exam ples ,  b u t  s t i l l  i n d i c a t e s  an  a p p r o p r i a t e  g e n e ra l  t r e n d .
By f a r  th e  w o rs t  f i t  was made w i th  t h e  s a n d b la s te d  aluminum sam­
p l e .  H ero ld  and  Edwards c o r r e l a t e d  the  " s p e c u la r "  component w i t h  th e  
th e o ry  o f  D avies  u s in g  an  RMS o p t i c a l  roughness  o f  0.8(j,. The i n c i d e n t  
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F ig u re  5 -1 1 .  G ra p h ic a l  Comparison o f  Raw Data o f  Herold 
and Edwards and MCR O utpu t
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D ata :
cr̂ / X = 0 .1 6
X = 5 .0 /x
O i/f = 20
▼ ^  = 40
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MCR:
P = 0 .9 5  
cr /  X = 0 .1 6  
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F ig u re  5 -1 2 .  G r a p h ic a l  Comparison o f  Raw D ata  o f  H ero ld  
and Edwards and MCR O utpu t
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be made w ith  F ig u re  5 -1 2 . Notice, t h a t  th e  r e g u l a r  component was f i t t e d  as 
b e f o r e ,  and e x c e p t  f o r  th e  20° i n c i d e n t  c a s e ,  th e  f i t  i s  g e n e r a l l y  poor .  .
As a f i n a l  exam ple, th e  d a ta  p r e s e n t e d  in  r e f e r e n c e  (65) was 
c o n s id e r e d .  F r a n c i s  used  an u n d e r - i l l u m i n a t e ,  u n d e r - d e t e c t  method w ith  
e x tre m e ly  l a r g e  a n g le s  o f  a c c e p ta n c e  o f  6 .4 °  i n c i d e n t  and 5 .3 °  r e c e iv i n g .  
The sample f o r  c o n s i d e r a t i o n  was s a n d b la s te d  s t a i n l e s s  s t e e l  ( type  302). 
The r e s u l t s  o f  th e  com parison  a r e  p r e s e n t e d  in  F ig u re s  5-13  to  5 -16 . The 
RMS o p t i c a l  ro u g h n ess  and th e  w av e len g th  c o n s id e r e d  a p p e a r  on th e  f i g u r e s .  
The p a ra m e te rs  a / a  and P were d e te rm in ed  f o r  th e  30° a n g le  o f  i n c id e n t  
c a se  i l l u s t r a t e d  In  F ig u re  5 -1 3 .  These numbers w ere th e n  used  th roughou t  
t h e  rem ainder  o f  tn e  c a l c u l a t i o n s .  The r e g u l a r  components were o f  cou rse  
in c lu d e d .
C losu re
A sm oothness f a c t o r  was i n t r o d u c e d  in  C h ap te r  IV which was an 
assumed s t r o n g  f u n c t io n  o f  t h e  a n g le  o f  in c id e n c e  and weakly  dependent 
on th e  s u r f a c e  c h a r a c t e r i s t i c s .  For th e  exam ples  c o n s id e r e d ,  t h i s  fu n c ­
t i o n  was no t n e c e s s a r y .  T ha t i s ,  t o  f i t  t h e  d a t a ,  Â o f  0 .1 5  was used , 
th u s  F was a p p ro x im a te ly  e q u a l  t o  one .
A word must be s a i d  c o n c e rn in g  t h e  e r r o r  in v o lv e d  i n  t h i s  type  
o f  a n a l y s i s .  As was d i s c u s s e d  i n  C h a p te r  I I I ,  t h e  e r r o r  must be s t a t e d  
w i th  a  c o n f id e n c e  l e v e l .  As a  r e p r e s e n t a t i v e  exam ple , a 90% co n fid e n ce  
l e v e l  was chosen  and  th e  d a ta  used  f o r  F ig u r e  5-5  was c o n s id e r e d .  The 
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F ig u re  5 -1 6 .  G ra p h ic a l  
Comparison o f  Raw Data o f  
F r a n c i s  and MCR O utput
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Thus t h e r e  i s  90% c o n f id e n c e  t h a t  th e  p o s i t i o n  o f  th e  p o i n t s  on th e  s o l i d  
cu rve  a r e  t r u e  to  w i th in  th e  s t a t e d  e r r o r  bands .  These e r r o r  bands a r e  
a t  l e a s t  a s  good as  the  e x p e r im e n ta l  e r r o r .
CHAPTER VI
FINAL STATEMENTS
T his  r e s e a r c h  h a s  been an a t t e m p t  to  c o n t r i b u t e  to  th e  s o lu t i o n  
o f  th e  problem  o f  u n d e rs ta n d in g  th e  e f f e c t s  o f  rough  s u r f a c e  c h a r a c t e r i s ­
t i c s  upon r e f l e c t e d  d i s t r i b u t i o n s .  I n  d o ing  s o ,  t h e  a r t i f i c e  o f  a pene­
t r a t i o n  d e p th  f o r  f i r s t  in c id e n c e  was i n t r o d u c e d .  The l o c a l i z a t i o n  c i r c l e  
(u sed  to d e te rm in e  t h i s  p e n e t r a t i o n  d e p th  and  whose r a d i u s  I s  th e  wave­
l e n g t h  o f  t h e  I n c i d e n t  r a d i a t i o n )  was q u i t e  u n iq u e  and  b a s i c  to  t h i s  
r e s e a r c h  and when a s s o c i a t e d  w i th  t h i s  model o f  th e  s u r f a c e  I s  seem ing ly  
a d e q u a te .  A t h e o r e t i c a l  a n a l y s i s  u s in g  t h i s  a s su m p tio n  may be f r u i t f u l .
Tab le  6-1  I s  a  c o m p i la t io n  o f  t h e  e x p e r im e n ta l  and MCR p a ra m e te rs  
u s e d .  I t  may be seen  from t h i s  t a b l e  t h a t  a  w ide  range  o f  s u r f a c e  c h a r a c ­
t e r i s t i c s  have  been  I n v e s t i g a t e d .  And s in c e  t h e  MCR o u tp u t  f i t  th e s e  
d a t a  q u i t e  w e l l ,  e x c e p t  f o r  one c a s e .  I t  may be I n f e r r e d  t h a t  no t o n ly  a 
pe a k  to  v a l l e y  d im ension  be m easu red , b u t  a l s o  p e a k  to  peak d im ension .
I n  a d d i t i o n ,  a n o th e r  I n - s u r f a c e  p a ra m e te r  seems e s s e n t i a l  f o r  an a c c u r a t e  
d e s c r i p t i o n  o f  t h e  t o t a l  r e f l e c t e d  d i s t r i b u t i o n .  T h is  d im ension I s  In 
t h e  p lan e  o f  t h e  s u r f a c e  and I s  r e p r e s e n t a t i v e  o f  t h e  p o r t i o n  o f  th e  s u r f a c e  
t h a t  I s  c o n t r i b u t i n g  to  th e  r e g u l a r l y  r e f l e c t e d  component. Though no t an  
o b j e c t  o f  t h i s  i n v e s t i g a t i o n  o r  an  o u tp u t  o f  MCR, some g e n e ra l  s ta t e m e n ts  




EXPERIMENTAL AND MCR PARAMETERS
Sample * ( ° ) \(p.) CTo/X ct/ \ a / a P
A l - g .g . ( 1 ) 10 1.0 0 .58 0 .6 0 0 .5 0 .40
N ic k e l (1) 10 1.0 0 .60 0 .6 0 0 .5 0 .5 0
N ic k e l (1) 10 1.5 0 .32 0 .3 0 0 .5 0 .50
N ic k e l (1) 10 6.0 0 .23 0 .3 0 0 .5 0 .60
A l - g .g , . (1 ) 10 4 .0 0 .15 0 .1 5 0 .5 0 .5 0
MgO (2) 10 0.5 1.02 1 .00 5 .0 0 .3 0
MgO (2) 45 0.5 1.02 1 .00 5 .0 0 .3 0
MgO (2) 10 1.5 0 .3 4 0 .3 4 5 .0 0 .3 0
MgO (2) 45 1.5 0 .3 4 0 .3 4 5 .0 0 .3 0
A .S .B . (3) 20 2.5 0 .3 0 8 .0 0 .97
A .S .B . (3) 40 2.5 0 .3 0 8 .0 0 .97
A .S .B . (3) 60 2.5 0 .3 0 8 .0 0 .97
Al (3) 20 5.0 0 .1 6 0 .1 6 8 .0 0 .9 5
Al (3) 40 5 .0 0 .1 6 0 .16 8 .0 0 .9 5
Al (3) 60 5.0 0 .16 0 .1 6 8 .0 0 .95
Al (4) 10 5.0 0 .282 0.282 0 .4 0 .6 2
Al , (4) 30 5 .0 0 .282 0.282 0 .4 0 .6 2
Al (4) 60 5 .0 0 .282 0.282 0 .4 0 .6 2
Al (4) 10 3 .0 0 .47 0 .47 0 .4 0 .6 2
Al (4) 30 3.0 0 .47 0 .47 0 .4 0 .6 2
Al (4) 60 3.0 0 .47 0 .4 7 0 .4 0 .6 2
Al (4) 10 2 .0 0 .705 0 .705 0 .4 0 .6 2
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TABLE 6-1 ( c o n t in u e d )
Sample * (o ) Oo/X cr/X o /a P
A1 (4) 30 2 .0 0 .705 0 .705 0 .4 0 .62
A1 (4) 60 2 .0 0 .705 0.705 0 .4 0.62
A1 (4) 10 1.5 0 .9 4 0 .9 4 0 .4 0 .62
A1 (4) 30 1.5 0 .9 4 0 .9 4 0 .4 0.62
A1 (4) 60 1.5 0 .9 4 0 .9 4 0 .4 0 .62
A l - g .g .  (1) - Aluminum Coated Ground G la s s  -  From B irkebak
N icke l (1) - Roughened N ic k e l  - From B irk eb a k
MgO (2) - Magnesium Oxide C r y s ta l  -  From T o rra n c e  & Sparrow
A .S .B . (3) - Aluminum Coated S i n te r e d  Bronze -  From H era ld  & Edwards
A1 (3) - S a n d b la s te d  Aluminum - From H e ro ld  & Edwards
A1 (4) - S a n d b la s te d  Aluminum - From F r a n c i s
1) T hat p o r t i o n  o f  the  s u r f a c e  t h a t  would be r e p r e s e n te d  
by  t h i s  p a ra m e te r  i s  e f f e c t i v e l y  f l a t .
2) T h is  p o r t i o n  o f  th e  s u r f a c e  m ust e f f e c t i v e l y  in c r e a s e  
a s  t h e  w ave leng th  i n c r e a s e s .
N e i th e r  o f  t h e s e  p a ra m e te rs  have r e c e iv e d  much a t t e n t i o n  e x p e r im e n ta l ly  
and t o  t h i s  i n v e s t i g a t o r ,  th e s e  p a ra m e te r s  a r e  v i t a l  in fo rm a t io n  when 
p r e s e n t i n g  r e f l e c t a n c e  d a t a .  An a n a l y s i s  s i m i l a r  to  t h a t  p r e s e n t e d  in  
Appendix D m ig h t  be used  to  de te rm in e  a  and t h i s  f l a t n e s s  p a ra m e te r  by 
one e x p e r im e n ta l  m easurem ent.
E v i d e n t l y  th e  s t a t e  o f  th e  s u r f a c e  m ust be s p e c i f i e d  i n  a  s t a t i s ­
t i c a l  m anner. I n  an a t te m p t  to  e s t a b l i s h  a Monte C a r lo  model f o r  r e f l e c ­
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t i o n ,  i t  was a ssu m ed  t h a t  t h e  s u r f a c e  ro u g h n e s s ,  a ,  and t h e  d e n s i t y  l e n g t h ,  
a ,  w ere  R a y le ig h  d i s t r i b u t e d  random num bers .  The assum ed R a y le ig h  d i s t r i ­
b u t i o n  f o r  t h e  r o u g h n e s s  p a r a m e t e r ,  a ,  i s  a p p a r e n t l y  n o t  to o  b a d .  T h is  
may n o t  have b e e n  a n  a c c u r a t e  a s s u m p t io n  f o r  t h e  d e n s i t y  l e n g t h ,  s i n c e  to  
f i t  e x p e r i m e n t a l  d a t a  a  p o r t i o n  o f  t h e  s u r f a c e  h a s  to  be  assum ed f l a t .  
E x p e r im e n ta l  e f f o r t  m u s t  b e  e x e r t e d  i n  an  a t t e m p t  to  m easu re  t h e s e  i n ­
s u r f a c e  p a r a m e t e r s  su c h  t h a t  a  m ore a c c u r a t e  d i s t r i b u t i o n  f u n c t i o n  may be 
c o n s i d e r e d .  A ls o  i t  may b e  n o te d  t h a t  t h e  r e f l e c t e d  e n e r g y  d i s t r i b u t i o n  
i s  d ep e n d e n t  u pon  t h e  c u r v a t u r e  o f  t h e  s u r f a c e  n e a r  t h e  p e a k s  a s  i n d i c a t e d  
by t h e  v a r i a t i o n  o f  t h e  p a r a m e t e r  P. Though a n  e x t r e m e ly  d i f f i c u l t  t a s k ,  
t h e  d ev e lo p m e n t  o f  a  m e th o d  t o  e s t i m a t e  t h i s  t y p e  o f  p a r a m e t e r ,  e v e n  i n  a 
s t a t i s t i c a l  f a s h i o n ,  w o u ld  be  a  g r e a t  h e l p  in  f u r t h e r  s t u d y  an d  t h e o r e t i ­
c a l  a n a l y s i s  o f  t h e  p ro b le m  o f  p r e d i c t i n g  th e  r e f l e c t e d  e n e r g y  d i s t r i b u t i o n .
By e x a m i n a t i o n  o f  t h e  g r a p h i c a l  i l l u s t r a t i o n s  o f  th e  ex am p le s  
c o n s i d e r e d ,  i t  i s  e v i d e n t  t h a t  t h e  m odel p r e s e n t e d  i n  t h i s  r e s e a r c h  can  
b e  made to  r e p r e s e n t  e x p e r i m e n t a l  d a t a .  I n  f a c t ,  i f  t h e  c J X  r a t i o  i s  
known and th e  a / a  r a t i o  an d  P can  be d e te rm in e d  from one  s e t  o f  d a t a ,  
t h e  w a v e le n g th  an d  a n g l e  o f  i n c i d e n c e  o f  th e  r a d i a t i o n  may be v a r i e d  and  
MCR w i l l  y i e l d  a  c l o s e  a p p r o x im a t i o n  t o  t h e  c o n t r i b u t i o n  o f  t h e  r e f l e c ­
t i o n  from t h e  r o u g h  p o r t i o n  o f  t h e  s u r f a c e .  Thus t h i s  t h e o r y  i s  r e g a rd e d  
a s  s u f f c i e n t l y  j u s t i f i e d  s i n c e  i t  can  p r e d i c t  a  q u a l i t a t i v e  p i c t u r e .
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APPENDIX A 
DIFFRACTION THEORY (67)
Huygens -  F r e s n e l
Huygen, th e  f i r s t  p ro p o n en t  o f  t h e  wave th e o ry  o f  e l e c t r o m a g n e t i c  
r a d i a t i o n ,  d e s c r ib e d  p r o p a g a t io n  o f  wave d i s tu r b a n c e s  in  th e  f o l lo w in g  
f a s h i o n :  Every  p o i n t  on a w a v e f ro n t  p r o p a g a t in g  from a  s o u rc e  i s  a
so u rc e  o f  seconda ry  w a v e le t s  and  th e  w a v e f ro n t  a t  any i n s t a n t  o f  t im e  
l a t e r  i s  th e  r e s u l t  o f  th e  s u p e r p o s i t i o n  (envelope) o f  t h e s e  se co n d a ry  
w a v e l e t s .  F r e s n e l  a c co u n te d  f o r  d i f f r a c t i o n  by assum ing t h a t  th e s e  
se co n d a ry  w a v e le t s  m u tu a l ly  i n t e r f e r e .  This  com b ina tion  i s  g e n e r a l l y  
r e f e r r e d  to  a s  th e  H u y g e n s -F re sn e l  P r i n c i p l e .  To u n d e rs ta n d  t h i s  s t a t e ­
m ent, c o n s id e r  th e  s p h e r i c a l ,  m onochrom atic  w av e fro n t  o f  r a d i u s  r ^  a t  
some i n s t a n t  i n  t im e ,  p r o p a g a t in g  from P ^ to  P ' .
D e le t in g  th e  tim e v a r i a t i o n ,  th e  d i s tu r b a n c e  a t  Q may be r e ­
p r e s e n t e d  by (A exp ( ik r ^ )  ) / r ^ .  Using th e  H uygens-F resne l  p r i n c i p l e ,  
t h i s  p o i n t  (Q) i s  now th e  so u rc e  o f  a  secondary  w a v e le t  and i t s  c o n t r i ­
b u t io n  t o  th e  t o t a l  d i s tu r b a n c e  a t  P ’ i s
du = K(a) f -  5  dS
o
w here K (a )  i s  c a l l e d  an i n c l i n a t i o n  o r  o b l i q u i t y  f a c t o r  w h ich  d e s c r i b e s  
t h e  v a r i a t i o n  w i th  d i r e c t i o n  o f  th e  a m p l i tu d e  o f  th e  se co n d a ry  w a v e l e t .  
Thus t h e  t o t a l  d i s t u r b a n c e  a t  P '  i s
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F r e s n e l  P r i n c i p l ef  th e  Huygen-
F ig u re  A-1. I l l u s t r a t i o n
\DN3
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_ A eik fo  
ro
i k r .
r  -  K (cy) dS
K irc h h o f£
K irc h h o f f  p u t  th e  H uygens-F resne l  th e o r y  on sounder m a th e m a tic a l  
g rounds  and showed t h a t  t h i s  p r i n c i p l e  y i e l d s  an approx im ate  form o f  an 
i n t e g r a l  s o lu t i o n  to  th e  homogeneous wave e q u a t io n .
C o n s id e r  a  monochromatic s c a l e r  wave
V ( x , y , z , t )  = U (x ,y ,z )e " ^ * ^  
where uj = k c .  In  a vacuum th e  space  dependen t p o r t io n  s a t i s f i e s  th e  time- 
in d ep e n d e n t  wave e q u a t io n
-t- k ^ )u  = 0 , (A-1)
T h is  e q u a t io n  i s  u s u a l l y  r e f e r r e d  to  a s  th e  H elm holtz  e q u a t io n .
Now assum ing U and  any o t h e r  f u n c t i o n  U' have c o n t in u o u s  f i r s t  
and second p a r t i a l  d e r i v a t i v e s  w i t h in  and on th e  s u r f a c e ,  we may invoke 
G re e n s '  Theorem to  o b t a i n
J '  J  J '  (uv^u ' - u 'v ^ u )d v  “  " j '  | n  " "  (A-2)
Note — i s  th e  d e r i v a t i v e  a long  th e  inward norm al. I f ,  i n  a d d i t i o n  U' ôn
a l s o  s a t i s f i e s  th e  Helmholtz e q u a t io n ,  the  l e f t  s id e  o f  (A-2) v a n is h e s ,  
y i e l d i n g
(A-3)
ilciTAssuming U' = e / r ,  and  n o t in g  t h a t  a  s i n g u l a r i t y  e x i s t s  a t  r  = 0 , i f  
th e  f i d u c i a l  p o i n t  i s  w i t h in  the  s u r f a c e  S, th e  i n t e g r a t i o n  m ust e x c lu d e  
t h i s  p o i n t  due to  th e  a fo re m e n t io n e d  c o n t i n u i t y  r e q u i r e m e n ts .  Thus eq u a ­
t i o n  (A-3) h as  th e  fozm
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- r* r» p rs I- ^ ,_ ik r  _ i k r  ^+ J J} [“ a"n (î > " i  ^ ] ‘‘® '
s s '
where S' i s  th e  r e g io n  a round th e  s i n g u l a r  p o i n t .  Assume S' i s  a s p h e r i ­
c a l  r e g io n  o f  r a d i u s  e- Then e q u a t io n  (A-4 )may be p u t  in  th e  form
s
° 'I  J ; (“' ■ e) ■ Î I; } 30- (A-S)
where ôQ i s  th e  e le m en t  o f  th e  s o l i d  a n g le .  Note in  th e  l i m i t  a s  e ap­
p ro ac h e s  z e r o ,  th e  r i g h t  s id e  o f  e q u a t io n  (A-5) has  th e  form
Lim I 1 u e ^ ^  60 = 4nu, r  f u e ^ ’
g_40 J  J
• • “ ' i l  J  J [ “è"n (f ) ■ f  1 ds-
s
T h is  i s  t h e  i n t e g r a l  th eo rem  o f  H e lm h o l tz  an d  K i r c h h o f f  i n  g e n e r a l  form. 
N o t i c e  t h a t  t h e  K i r c h h o f f  a p p ro a c h  u s e s  i n  a  g e n e r a l  f a s h i o n  th e  Huygens- 
F r e s n e l  P r i n c i p l e ,  b u t  i s  n o t  r e s t r i c t e d  by  r u l e s  g o v e r n in g  th e  c o n t r i ­
b u t i o n s  o f  d i f f e r e n t  e l e m e n ts  o f  t h e  p r o p a g a t i n g  s u r f a c e  o f  t h e  d i s t u r ­
b a n c e .  K i r c h h h o f f  w en t  on t o  show t h a t  h i s  th eo rem  may be r e d u c e d  t o  an 
a p p r o x im a te  and  s i m p l e r  form  w hich  i s  e s s e n t i a l l y  e q u i v a l e n t  to  t h e  f o r ­
m u l a t i o n  o f  F r e s n e l  an d  y i e l d e d  a d d i t i o n a l  i n f o r m a t i o n  a b o u t  th e  o b l i q u i t y  
f a c t o r .
The m a jo r  d raw b ack  t o  o b t a i n i n g  th e  F r e s n e l  a p p r o x im a t io n  i s  in  
t h e  a s s u m p t io n s  made c o n c e r n in g  th e  b e h a v i o r  o f  U an d  ^  i n  t h e  im m edia te  
v i c i n i t y  o f  t h e  e d g e  o f  t h e  a p e r t u r e .  T hese  a s s u m p t io n s  a r e
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i n  A U = and
i n  B U = 0 and ~  = 0 (A-7)on
where A r e p r e s e n t s  the  r e g io n  o f  the  a p e r t u r e ,  B r e p r e s e n t s  th e  r e g io n  on 
th e  n o n - i l lu m in a t e d  s id e  o f  th e  s c re e n  i n  which reg io n  A i s  and i s  the
in c i d e n t  wave d i s t u r b a n c e .  E q ua tions  (A-7) a r e  known a s  th e  K i r c h h o f f s  
boundary  c o n d i t io n s  and a r e  th e  b a s i s  o f  th e  K i r c h h o f f  s d i f f r a c t i o n  th e o ry .  
The consequences  o f  t h i s  a ssum ption  have been d i s c u s s e d  in  th e  l i t e r a t u r e  
and have been  found to  b e  in  e r r o r  on th e  b o u n d a r ie s  o f  th e  a p e r tu r e  (68 ) .
N e v e r th e le s s ,  th e  K irc h h o f f  th e o r y  i s  c o n s id e r e d  e n t i r e l y  ad eq u a te  
a s  long  a s  th e  w ave leng th  o f  t h e  r a d i a t i o n  i s  q u i t e  sm a ll  i n  comparison 
w i th  th e  s i z e  o f  t h e  a p e r t u r e  o r  d i f f r a c t i n g  o b s t a c l e .  When t h i s  l a s t  
req u irem e n t  i s  n o t  t r u e ,  more r e f i n e d  methods must be u se d  and o f  th e  




For t h e  model d i s c u s s e d  in  t h i s  r e s e a r c h ,  th e  h e ig h t  d i s t r i b u t i o n ,  
f o r  exam ple, c a n n o t  range from - « to  +co . From th e  m a th e m a tic a l  model 
d i s c u s s e d  in  C h a p te r  IV, th e  h e ig h t  d i s t r i b u t i o n  can range  from 0 to  +oa . 
Thus a nonsym m etr ica l  d i s t r i b u t i o n  seems i n  o r d e r .  No p h y s i c a l  r ea so n in g  
y i e l d s  a  r e q u i r e m e n t  f o r  th e  d i s t r i b u t i o n .  Thus i n t u i t i o n  was th e  m ajor  
f a c t o r  in  th e  d e c is io n  to  u se  a R ay le igh  d i s t r i b u t i o n .  T h is  d i s t r i b u t i o n  
seems a d e q u a te  when th e  p r o b a b i l i t y  o f  a p e r f e c t l y  f l a t  s u r f a c e  i s  zero  
and any h e i g h t  may be e x p e c te d .  A lso  th e  m a j o r i t y  o f  th e  h e ig h t s  con­
s id e r e d  s h o u ld  be n o n sy m m etr ica l ly  p o s i t i o n e d  between 0 and œ.
The R a y le ig h  d i s t r i b u t i o n  may be d e r iv e d  from two normal d i s t r i ­
b u t io n s ,  b o th  w i th  a  mean o f  ze ro  and the  i d e n t i c a l  v a r i a n c e s .  C onsider  
th e  two norm al d i s t r i b u t i o n s
F , ( y , ; 0 , a )  =  ^
F2(y2;0'C) = giTg;- ^
- 00
2 , / .  2
L e t  G(y , y „ , a )  =
^ 2na
a s d t
But s in c e  s an d  t  a r e  in d ep en d en t
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G(y, ,y_,a) = -—2
1 ^ 2rra
'" '2  +  s 2 ) / 2 o 2
C o n s id e r  the  fo l lo w in g  change o f  v a r i a b l e s Î
Z = t a n " ^  I
S = X cos 2 
t  = X s i n  2 .
Thus th e  J a c o b ia n  o f  t r a n s f o r m a t io n  (69) i s








G (y, , y ? ,o )  =  r
^  2 t t q
r ' 2
I n t e g r a t i n g  2 from 0 to  2tt
G(yj^,a) = - g
a  'J
f '^ l  - x ^ /2 a ^xe dx.
Thus by d e f i n i t i o n  th e  p r o b a b i l i t y  d e n s i ty  f u n c t io n  i s
g (x  ,a) = e “^
cr
(B-1)
where now th e  random v a r i a b l e  x i s  r e l a t e d  t o  two no rm ally  d i s t r i b u t e d  r a n ­
dom v a r i a b l e s  y^ and y^ by th e  r e l a t i o n
X = v C T (B-2)
98
E q u a t io n  (lî-1) i s  the  d e n s i t y  f u n c t io n  fo r  a  R ay le igh  d i s t r i b u t e d  random 
v a r i a b l e .  The c u m u la t iv e  R ay le igh  d i s t r i b u t i o n  fo l lo w s  im m ediately  from 
th e  d e f i n i t i o n :
oX, . 2 ,_  2 2 ,„  2
F(x,cr) =
J q
The e x p e c te d  or mean v a lu e  i s
/\,2\
'o
The f i r s t  moment i s  z e ro  a s  i t  i s  supposed t o  be and th e  second moment o r  
v a r i a n c e  i s
 , -  
(■ ^ )  e " ^  dy = 1 -  e "*   ̂ x 5 0 . (B-3)
E ( x ,a )  - J "  ( ÿ )  e ‘ =' dy = = d-
2 o*»
E(x -  p,) = Var (x) = (x -  p ) g (x ,o ) d x
o
= ( ^ - ÿ ^ ) o ^ =  0 .4 2 9  o \
A means t o  g e n e r a t e  numbers d i s t r i b u t e d  in  a  random f a s h io n  a c co rd ­
ing  t o  t h i s  R a y le ig h  law fo l lo w s  im m edia te ly  from th e  above d e r i v a t i o n .
That i s ,  one needs o n ly  t o  have s e t s  of no rm ally  d i s t r i b u t e d  random numbers 
and th e n  u s in g ( B - 2 ) , th e  R ay le ig h  d i s t r i b u t e d  number may be o b ta in e d .  To 
g e n e r a te  th e  n o rm a l ly  d i s t r i b u t e d  random numbers, t h e  s u b r o u t in e ,  GAUSS, 
su g g e s te d  by  IBM was u s e d .  When th e s e  were d e te rm in e d ,  e q u a t io n (B -2 )  
y i e l d e d  the  a p p r o p r i a t e  R a y le ig h  d i s t r i b u t e d  random v a r i a b l e .
I t  seemed d e s i r a b l e  to  check  th e  o u tp u t  o f  t h i s  p ro c e d u re .  I t  
must be  remembered t h a t  due to  th e  f i n i t e  number o f  t h e  random v a r i a b l e s  
c o n s id e r e d ,  e x a c t  f i t  w i th  the  a c t u a l  d i s t r i b u t i o n  f u n c t io n  i s  im p o ss ib le .  
Thus w hat i s  n e x t  p r e s e n t e d  i s  o n ly  an i n d i c a t i o n  t h a t  t h e  random v a r i a b l e s  
a r e  d i s t r i b u t e d  c o r r e c t l y .
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The computer program  which appears  a t  th e  eud o f  t h i s  appendix  was 
used to  check the r e s u l t i n g  d i s t r i b u t i o n .  The o u tp u ts  o f  t l i i s  program
were coun ted  a s  to  t h o s e  be tw een  0 and 0 .5 a ,  0 .5 a  and o , -------, 2 .0 a  and
i n f i n i t y .  F ive  d i f f e r e n t  s t a r t i n g  numbers were c o n s id e r e d .  The r e s u l t s
a p p e a r  i n  th e  f o l l o w in g  t a b l e .
TABLE B-1
CUMULATIVE RAYLEIGH DISTRIBUTION USED IN MGR AND THE IDEAL
IX 1 11 111 1111 11111 AVG 6F
0 - 0 .5 a 0 .1 2 4 0 .1 0 0 0.101 0.112 0 .1 1 4 0 .110 0.1175
0 .5 a  - 1 .0 a 0 .258 0 .281 0 .280 0.255 0 .251 0 .265 0.2760
1 .0 a  - 1 .5 a 0 .2 7 8 0 .288 0 .278 0 .285 0 .282 0 .280 0.2819
1 .5 a  -  2 .0 a 0 .210 0 .182 0.196 0.202 0 .222 0 .190 0.1893
2. Oa “ 00 0 .1 3 0 0 .149 0.145 0 .146 0 .131 0 .140 0.1353
F ive  runs  o f  1 ,000  p o i n t s  each  were c o n s id e r e d .  Column 1 e x h ib i t s  
th e  c o l l e c t i o n  r e g i o n s  o f  th e  g e n e ra te d  random numbers. Because o f  th e  
manner o f  c o l l e c t i o n  (d ep e n d e n t  on a ) , th e  o n ly  v a r i a b l e  i s  t h e  s t a r t i n g  
numbers IX. The n e x t  f i v e  columns a r e  th e  r e l a t i v e  number c o l l e c t e d  p e r  
r e g io n .  Column seven  i s  th e  a v e ra g e  over  th e  5 ,000  p o i n t s  c o n s id e re d .
The l a s t  column d e s i g n a t e d ,  i s  th e  t h e o r e t i c a l  r e l a t i v e  number t h a t  
sh o u ld  be in  each  r e g i o n .  As can be seen , th e  ag reem en t  i s  q u i t e  good 
c o n s id e r in g  th e  sam ple s i z e .  T h is  was deemed a c c e p t a b l e  ag reem en t .
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CUMULATIVE RAYLEIGH DISTRIBUTION PROGRAM 
READ ( 2 , 1 5 )  S, IX







V2 0 . 0
IC 100
DO 10 1 = 1 ,1 0 0 0
DO 20  J = l , 2
CALL GAUSS (IX,S,AM ,V)
V2 = V2 +  V*V
20 CONTINUE
SV2 = SQRT(V2)
IF (SV2 - 0 . 5 * S )  1 , 1 , 2
1 K1 = K1 +  1
GO TO 9
2 IF (SV 2-S) 3 , 3 , 4
3 K2 3 K2 +  1
GO TO 9
4 IF (SV2 -  1 . 5 * 8 )  5 , 5 , 6
5 K3 = K3 +  1
GO TO 9
6 IF (SV2 -  2 .* S )  7 , 7 , 8
7 K4 = K4 +  1
GO TO 9
8 K5 = K5 + 1
9 V2 = 0 . 0
IF ( I - I C )  1 0 , 2 5 , 2 5
25 IC = IC . 11
WRITE ( 3 ,3 0 )  I ,SV 2,K 1,1
10 CONTINUE






The fo l lo w in g  d e f i n i t i o n s  a r e  p ro v id e d  to  c l a r i f y  the  c o d in g  in  the  


















C h a r a c t e r i s t i c  p a ra m e te r  o f  th e  t o t a l  s u r f a c e  
C h a r a c t e r i s t i c  ro u g h n ess -w a v e le n g th  r a t i o  f o r  t o t a l  s u r f a c e  
Degree o f  roundness  
Angle o f  in c id e n c e
R eal p o r t i o n  o f  th e  index  o f  r e f r a c t i o n
Im ag inary  p o r t i o n  o f  th e  in d ex  o f  r e f r a c t i o n
S t a r t i n g  number f o r  random number g e n e r a to r s
T o ta l  number o f  p o i n t s  f o r  th e  ru n
Number o f  p o i n t s  ru n  b e fo r e  f i r s t  d a ta  i s  p r i n t e d
I n t e r v a l  (number o f  p o i n t s  ru n )  o f  d a ta  p r i n t o u t  a f t e r  NCO
Smoothness f a c t o r
I n p u t  SOL (see  above)
In p u t  SOA (see  above)
R eq u ired  mean o f  G au ss ian  d i s t r i b u t i o n s  
Angle o f  in c id e n c e  minus f i v e  d e g re e s  


























Direction in which energy bundle is traveling  
Angle of incidence in radians
Number o f energy bundles in region I , 1  ̂ I  ̂ 36 
(5 degree intervals)
Number o f energy bundles in region I where 1  ̂ I g 10
(1 degree interval from PSIM5 to PSIP5)
Number o f energy bundles lo s t  through the surface by
refraction
Number of energy bundles lo s t  on f if th  reflection  
Number o f energy bundles that escape after one reflection
Number of energy bundles that escape after two reflections
Number o f energy bundles that escape after three reflection s
Number o f energy bundles that escape after four reflection s
Height to wavelength ratio  per energy bundle 
Height to width ratio  to energy bundle 
Reciprocal o f SOA
Normalized depth o f penetration-height ratio  
Normalized V-groove vertex position
Left hand center o f curvature for rounded portion normal­
ized by cr
Right hand center o f curvature for rounded portion normal­
ized by cr
Radius o f curvature o f l e f t  hand rounded portion normal­
ized by a
Radius o f curvature o f right hand rounded portion normal­
ized by a
Slope o f l e f t  hand side o f V-groove 





















Horizontal coordinate o f the le f t  hand transition point 
from rounded portion to V-groove normalized to a
See XOA
Horizontal coordinate o f the right hand transition point 
from rounded portion to V-groove normalized to a
See SI
TO times TO
Horizontal component of the unit normal to the le f t  hand 
portion of the V-groove
Vertical component o f the unit normal to the le f t  hand 
portion of the V-groove
Vertical component o f  the le f t  hand transition point from 
rounded portion to V-groove normalized to <t
V ertical component o f  the right hand transition point from 
rounded portion to V-groove normalized to (t
Horizontal coordinate o f  the intersection o f  HO with the 
l e f t  side of surface normalized to a
Horizontal coordinate o f the intersection o f HO with the 
right side of surface normalized to a
Horizontal coordinate of-shadow boundary normalized to a
V ertical coordinate of shadow boundary normalized to cr
Random number selected for PROBl decision
Probability that the energy bundle strikes le f t  hand side 
o f surface f ir s t
Horizontal coordinate o f the intersection o f energy bundle 
with surface normalized to a
Vertical coordinate o f the intersection o f energy bundle 
with surface normalized to cr
Horizontal component o f the unit normal to the surface at 
the point o f in tersection  (X,Y)
Vertical component o f  the unit normal to the surface at 


























Vertical component o f the reflected  direction
Horizontal component of the reflected direction
Angle of reflectance measured from the vertical
Cosine of the local angle o f incidence at the point (X,Y)
Sine o f the local angle of incidence at the point (X,Y)
L ocal a n g le  o f  r e f l e c t i o n
Local r e f l e c t i o n  c o e f f i c i e n t
Random number selected  for R decision
Indicates d irection o f reflectance; that is  right to l e f t  
or le f t  to right
Ratio o f the number o f p artic les in compartment I and the 
maximum number o f partic les in a compartment
R e c ip ro c a l  o f  SOL
Slope o f  s y m m e tr ic a l ly  p o s i t i o n e d  V-groove 
Complement o f  T
Maximum wave length o f energy bundle when the angle of 
incidence is  less  than TD normalized to cr
Maximum w ave leng th  o f  e n e rg y  b und le  when th e  a n g le  o f  
in c id e n c e  i s  g r e a t e r  th a n  TD n o rm a l iz e d  to  cr
Equation for rounded portion of le f t  side normalized to cr
Equation for rounded portion of right side normalized to cr
L im i t in g  v a lu e  o f  P f o r  r e g u l a r  s u r f a c e  c o n f i g u r a t io n
Intersection of the le f t  rounded portion and the line
Y = 0 (irregular surface configuration) normalized to a
Intersection of the right rounded portion and the line
Y = 0 (irregular surface configuration) normalized to a
H o r iz o n ta l  component o f  th e  d i r e c t i o n  o f  th e  l o c a l  in c id e n c e  
V e r t i c a l  component o f  th e  d i r e c t i o n  o f  th e  l o c a l  in c id e n c e
105





\  WRITE 1
\ SOL,SOA,P I
\P S I,  AN, AK 1
,






= 1 + 1
' f
C a l l PENET
. p
C a l l SURPl 1
,,
C a l l APROB
G a ll  XYRIT
K P ( I ) ,K P P ( I ) , /  
e t c ,  /
I----
C a l l  COUNT
Write
O ption?
C a l l  SELEC
C alx  RTOL
rom
2 £ < ^ i g h t  to
L e f t?
C a l l  LTOR
yes
Z lL % T eflec ted?Count i t
C a l l  FRECO
I
I C a l l  REFLT
T ~
C a l l  SURF?
1 C a l l  XYLFT
• J  = 0
Figure C-1. Flowchart o f  MCR.
MAIN PROGRAM MCR
DI MENSI ON K P (4 0 )  ,R A T ( 4 0 )  , K P P ( 1 0 )
READ ( 1 , 3 )  S O A , S O L , P , P S I , A N , A K  
» FORMAT ( 6 F 1 0 . 0 )
READ ( 1 , 2 )  I X , N , N C O , N C O I  , A S F  
; FORMAT ( 4 1 6 ,  F 6 . 0 )
WRITE ( 3 , 5 )  S OL,  S OA,  P S I  , P , A N , A K  
» FORMAT ( I H l ,  6 X ,  ' SI GMA /  LAMDA
1 = ' ,  I F 1 2 . 5 , / , 7 X , • I NC- ANGLE
2  = ' , 1 F I 2 . 5 , / 7 X , ' R E F .  INDEX 
3 ,  1 F 1 2 . 5 )
= I ,  I F I 2 . 5 ,  /  ,  7 X ,  ' S I G MA  /  A 
= ' ,  1 F 1 2 . 5 , / , 7 X , ' P
= ' , 1 F 1 2 . 5 ,  / ,  7 X , ' A 8 S .  INDEX =  »
I =
SOLI  
S OAl  
AM
P S I M5  
P S I P 5  
PH 
P S I l  
DO I 
K P i n  
I CONTINUE
0 0  15  J 7 = l , 1 0
K P P ( J 7 )







DO 9 5 5  
VSOL 
VSOA 


















I I  1 = 1 , 2  










S O L I ,
VSOL
AM, V)  
+ V*V
















PH ,  HOS)
XOA,  IX
TO,  
A P F 0 8  
1 Y I B ,  X I ,  
CALL BANDU 
IX
I F  ( PROB -  
1 0  CALL 
1 6 1 ,
X S R l .
H i ,
Y I B ,
SQRT 
SORT 
I .  /
S O L ,
HOS*P  
SURF I ( S U A ,
T 2 C ,  ANX,  ANY,
( S O A ,  P ,  HO,
Y 2 B ,  8 2 ,  H 2 ,
( I X ,  l Y ,  PROB)  
l Y
P R O B l )  1 0 , 1 0 , 2 0  
X Y L F K P H ,  S I ,  I X ,  X P ,  Y P ,  X S R l ,  Y I B ,  P ,  S OA ,  X I ,  H I ,  HO,  
RS OA,  X,  Y)
P ,  Y 2 B ,
X S R 2 ,  X P , Y P ,
H 2 ,  B I ,  
RSOA)
X 3 ,  5 2 ,  P R O B l ,  A S F )
B 2 ,  S I ,  S 2 ,  X I ,  X 2 ,  
S I ,  PH,  B l ,  H I ,  RSOA,
o■vl
GO TO 3 0  
2 0  CALL X Y R I T ( P H ,  
I X , Y )
3 0  DO 8 8 8  J 
CA L L  S U R F 2  
I  ,  XOA,  XT,  
C A L L  R E F L T  
CAN
I F  (CAN -  I 
8 1  P S I F
GO TO 5 3  
8 0  SAN
I F ( C A N )
5 2  P S I F  
GO TO 5 3
5 1  P S I F
5 3  CALL FRECO 
CALL RANDU 
IX
I X ,  HO,  Y 2 B ,  P ,  RSOA,  X 3 ,  X S R 2 ,  SOA,  XOA,  H 2 ,  8 2 ,
= 1 , 4
( X , Y , P ,  S O A ,
5 2 ,  H 2 ,  8 2 ,
( B N X ,  B N Y , P H  . . .  ________
A B S ( R X * B N X  + RY*ONY)  
. 1  8 0 , 8 1 , 8 1  
0 . 0
I X ,  X I ,
RSOA)
R X , R Y , P S I R )
H I ,  B l ,  S I ,  ANY,  ANX,  BNY,  BNX
-  CAN*CAN)S U R T d  
5 1 , 5 2 , 5 1  
9 0 .
5 7 . 2 9 5 7 8  *  A T A N ( S A N / C A N ) 
AK, P S I F , B N X ,  BNY,  R)
I Y ,  PROBR)  
l Y
( A N ,
( I X ,
I F  ( R -  PROBR)  3 1 , 3 2 , 3 2
3 1  KLOST = KLOST + I 
GO TO 9 9 9
3 2  I F  (XOA -  X)  4 1 , 4 2 , 4 3
4 1  CALL RTOL ( S OA,  P ,  X ,  Y,  XOA,  S I ,  S 2 ,  H I ,  H 2 ,  B l ,  B 2 ,  X I ,  X 3 ,
I  P S I R ,  R S O A ,  Y I B ,  Y 2 B )
K 1
GO TO 4 4
4 2  KLOST = KLOST + 1
GO TO 9 9 9
4 3  CALL LTOR ( SOA,  P ,  X ,  Y ,  XOA,  S I ,  S 2 ,  H I ,  H 2 ,  B l ,  B 2 ,  X I ,  X 3 ,
1 P S I R ,  R S O A ,  Y I B ,  Y 2 B )
K = 2
4 4  IF (Y -  P ) 4 6 , 4 6 , 4 5
4 5  CALL SELEC IKP ,  P S I R , P S I M 5 ,  P S I P 5 ,  KPP)
I F  ( J  -  2 )  1 0 0 , 1 0 1 , 1 0 2  g
1 0 0  KIR =  KIR + 1 00
GO TO 9 9 9
1 0 1  K2R = K2R + 1
GO TO 9 9 9
1 0 2  IF ( J  -  4 )  1 0 3 , 1 0 4 ,  1 0 4
1 0 3  K3R = K3R *■ 1
GO TO 9 9 9
1 0 4  K4R = K4R + 1
GO TO 9 9 9
4 6  I F  ( K - 1 )  4 7 , 4 7 , 4 8
4 7  PH =  - ( P S I R  + 1 8 0 . )  /  5 7 . 2 9 5 7 8
GO TO 8 8 8
4 8  PH =  ( 1 8 0 .  -  P S I R )  /  5 7 . 2 9 5 7 8
8 8 8  CONTINUE
KTRAP =  KTRAP f  1
9 9 9  PH P S I l
I F  ( I - N )  9 4 3 , 9 4 8 , 9 4 8
9 4 3  I F  ( I  -  NCO) 9 5 5 , 9 4 5 , 9 4 5  
9 4 5  WRITE ( 3 , 9 4 4 )  NCO
9 4 4  F O R M A T ( / / / / ,  5 X ,  ' A F T E R ' ,  1 7 , '  B U N D L E S ,  THE REFLECTED D I S T R I B U T I O
IN I S  AS FOLLOWS* )
GO TO 9 3 0  
9 4 8  WRITE ( 3 , 9 4 7 )  N
9 4 7  FORMAT I / / / / / ,  5 X ,  ' AFTER A TOTAL O F ' ,  1 7 ,  
I I S T R I B U I I G N  I S M  
NCO = N
9 3 0  WRITE ( 3 , 9 0 1 )
WRITE ( 3 , 9 0 0 )  ( K P ( J I ) , J 1 = 1 , 3 5 , 2 )
CALL COUNT ( K P , R A T )
WRITE ( 3 , 9 0 3 )  ( R A T ( U )  ,  11 =  1 , 3 5 , 2 )





WRITE ( 3 , 9 0 2 )
WRITE ( 3 , 9 0 0 )
WRITE ( 3 , 9 0 3 )
WRITE ( 3 , 9 6 1 )
FORMAT ( / ,  2 F 1 0 . 5 ,  1 0 1 8 ,  
WRITE ( 3 , 9 9 8 )  K L O S T , K I R ,
( K P ( J 2 )  ,  J 2  = 2 , 3 6 , 2 )
( R A T I Ï I I )  ,  1 1 1 = 2 , 3 6 , 2 )  
P S I M 5 , P S I P 5 ,  ( K P P I J 3 ) ,  J 3 = 1 , 1 0 )  
/ )
K 2 R ,  K 3 R ,  K 4 R ,  KTRAP
NCO
CONTINUE  




1 8 1 6 )
FORMAT!* REGIONS* , 4 X , « I * , 5 X , *3* 5 X , * 5 * , 5 X , * 7 * , 4 X , * 1 1
4 X , » 2 I * ,  4 X , * 2 3 * , 4X
2 , * 2 7 *  ,
9 0 2  FORMAT
4 X , * 2 9 ' ,  4 X , » 3 l * ,  4 X , * 3 3
( I H O
4 X , * 14*
, ' R E G I O N S * ,
,  4 X , * 3 5 * ) 
5 X , » 4 * ,  5 X , * 6 * ,  5 X , * 8
,  4 X , * 1 6 * ,  4 X , * 1 8 * ,  4 X , * 2 0 ' ,
' ,  4 X , * 1 0 * ,  
4 X , * 2 4 * ,  4X
4 X , * 2 8 * ,  4 X , * 3 0 '2 , * 2 6 * ,
9 0 3  F O R M A T ) 7 X ,  1 8 F 6 . 3 )
9 9 8  FORMAT ( I H O ,  3 X ,  ' L O S S  
1 4 X ,  ' E S CAP E  
' E S C A P E  
' E S C A P E  
• ES CAPE  
•NUMBER 
EXI T







NUMBER THROUGH THE SURFACE*  
AFTER 1 REFLECTI ON ' ,  1 7 ,  /  ,  
REFLECT I O N S ' ,  1 7 ,  /  , 
R E F L E C T I O N S ' ,  1 7 ,  /  ,  
R E F L E C T I O N S ' ,  1 7 ,  /  ,  
V- GROOVE'  • 1 1 0 )
1 9 , /
NUMBER 
NUMBER AFTER 2  
NUMBER AFTER 3  
NUMBER AFTER 4  
TRAPPED IN THE




I F  ITO -  P )
1 0  ALOSM
I F  ( RS OL- ALOS M)
2 0  HOS
GO TO 9 0  
3 0  HOS
I * ( 1 . / ( 2 . * S 0 A ) ) )
GO TO 9 0  
4 0  BETA
A =









I F  ( ROOT)
1 0 0  ALOSM 
GO TO 1 0 2
1 0 1  ALOSM
1 0 2  I F  ( RSOL  
5 0  HOS
( S O A ,  SOL,  P ,  HOS)
AT AN( 2 . ♦ S O A )
1 .  /  SOL 
1 . 5 7 0 7 9 6 3  -  T 
4 0 , 1 0 , 1 0  
( SORTI  1 .  + 4 . * S 0 A * S 0 A ) )
2 0 , 2 0 , 3 0
RSOL *  ( S ORT I  1 . 0  + 4 . * S 0 A * S 0 A )  -
/  ( 4 . * S 0 A * S 0 A )
I .  )
1 .  -  RSOL *  S O R T ( RS OL* RS GL -  ( I . / ( 2 . * S O A ) )
+ 2 . * S 0 A * S I N ( B F T A ) )
0 . 5 *  I P -  ( T D ) )
C O S ( B E T A ) / ( ( C O S I B E T A )
I
-  C O S I P + T )  /  C O S I P - T )
B * ( ( S I N ( B E T A )  /  C O S I B E T A ) )  + l . / ( 2 . * S 0 A ) )  
(XOB -  ( l . / ( 2 . » S 0 A ) ) ) » * 2  + 1 .
( S I N ( B E T A )  *  ( 2 . * X 0 B  -  I . / S O A )  /  C O S I B E T A } )
1 .  - I A * A  /  ( C O S ( B E T A ) * C O S ( B B T A ) ) )
A*E - 2 . * ( A * B  / (  C O S ( B E T A ) * C G S ( B E T A ) ) )
D -  B*E *  B * B / ( C Q S ( B E T A ) * C O S ( B E T A ) )
G*G + 4 .* F * H
♦ 2 .
1 0 0 , 1 0 0 , 1 0 1
- G / ( 2 . * F )
( - G  ♦ SQRTI  
-  ALOSM)  5 0 , 5 0 , 6 0  
I RS GL* A
ROOT ) )  /  ( 2 . * F )
) + B -  RSOL
GO TO 9 0  
6 0  Z 1 .  /  ( 2 .  *
ALOSP =  Z /  C O S ( P )
I F  ( RSOL -  ALOSP)  7 0 , 7 0 , 8 0  
7 0  HOS = RSOL *  S I N ( P )
1 + C O S I P ) *  SQRTI C 0 S ( P ) * ( ( 2 . *  
GO TO 9 0
SOAl
+ 1 .  -  ( C O S ( P ) / S O A ) *  S I N ( P ) - R S n L  
R S OL* S GA)  -  C O S ( P ) ) /  ( S O A * S O A ) )
8 0  HOSP = 1 .  -  RSOL + S Q « T ( R S O L * R S O L  -  ( 1 , / ( 2 . * S O A ) )
1 * ( ! . / ( 2 . * S O A ) ) )
PC = A T A N ( 2 . * S U A * (  HOSP + RSOL -  I . ) )
I F { P - P C ) e 5 , 8 5 , 7 0  
8 5  HOS = HOSP
9 0  RETURN 
END
SUBROUTINE SURFI  
I X 3 t  TO,  T 2 0 ,  ANX 
C I S )
A ( S I
Y 3 1 X , H , B )
Y 4 ( X , H , B )
( S G A ,  XQA,  I X ,  H I ,  H 2 ,  f l l ,  B 2 , S I ,
,  ANY,  P ,  V 2 B ,  Y I B ,  &SOA)
( SOA -  P t S O A )  /  ( S Q R T d .  + S * S )  -  1 . )  
I P * S Q R T ( 1 .
5 2 ,  X I ,  X2,
RSOA
RSOA
+ S * S )  -  I . )  /  ( S Q R T I l .  + S * S )  -  I . )
*  S Q R T ( B » B  -  X*X)
♦  S Q R T ( B * B  -  ( X  -  l . ) * ( X  -  I . ) )
1 CALL RANDU ( Î X , I Y , X O A )
3
4
I X =  lY
I F  (XQA -  0 . 0 0 5 )  1 , 1 , 3  
IF 4XQA -  0 . 9 9 5 )  4 , 4 , 1
ANY XOA /  S O R T I XOA*XOA + SOA*SOA)
ANX SORT I I . - ANY»ANY)
S I = SOA /  XQA
S 2 - SOA /  I I . -  XOA)
HI = AI S I )
H2 AI S 2 )
8 1 C I S l )
8 2 Cl  S 2 )
0 1 = S O R T ! 1 .  + S 1 * S 1 )
0 2 S Q R T d .  + S 2 * S 2 )
XI — S I  *  8 1  / 0 1
X2 — XOA
TO ANX /  ANY
T2Ü - TO*TO
X3 = I .  -  S 2  * 8 2  /  0 2
YI B Y 3 I X I  , H 1 , B I )
















I H I ,  RSOA,
A N l ( X )
A D I ( X )
Z I N I X )
A N 2 ( X )






I F  ( PH -  
XP
YP =
I F (HOS -  Y I B )  I
X S R l
GO TO 8
X S R l
GO IQ 8
X S R l
I F ( HOS -  Y 2 B )  
R 0 0 T 2  
XSR2
GO TO 1 1  
XSR2
GO TO 11  
XSR2
IF ( PH -  PMOl )  
PROBN =
GO TO 1 0 0  
IF ( X S R l  -  XP)  
PROBN =




APROB ( S O A , P  ,  HOS,  X S R l ,  X S R 2 ,  XP,  YP,  S I ,  
Y I B ,  X I ,  Y 2 B ,  B 2 ,  H 2 ,  X 3 ,  S 2 ,  P R O B N , A S F )
( X S R l  -  S O A * ( P  -  H O S ) * S I N ( X )  /  C O S ( X ) )  
1 .  -  XSR2 + X S R l  -  A N K X )
F * A N l ( X )  /  ( F * A N 1 ( X ,  ♦ A D l ( X ) )
( XP -  S O A * ( P  -  Y P ) * S I N ( X ;  /  C O S ( X ) )  
F * A N 2 ( X )  /  I F » A N 2 ( X )  + A D l ( X ) )  
A S F * S I N ( P H )  * S I N ( P H )
E XP( AAA)
0.0 
=  0 . 0
1 . 5 7 0 7 9 6  -  A T A N ( S I )
5 , 6 , 6
c os t  PH)
RSOA ♦  SORT ( B 1 » B 1  -  X P # X P )
PH, 8 1 ,
/ ( c o s t  PH) *  C O S ( P H ) )
B1 *  
HI + 
, 2 , 3
SORT ( B l * B l  -  (HOS -  H 1 ) * ( H 0 S  -  H l ) * S n A * S O A )
XI
» SOA /  S I( 1 .  -  HOS)
1 0 , 2 0 , 3 0
B 2 * B 2  -  (HOS -  H 2 ) * ( H 0 S  
1 .  -  S Q R T ( R 0 0 T 2 )
-  H 2 )  *  SOA *  SOA
X3
1 .  -  S 0 A * ( 1
3 5 , 3 5 , 4 0  
Z I N ( P H )
4 5 , 4 5 , 5 0  
Z 1 N ( PH)
Z I P N t P H )
-  HOS)  /  S 2
SUBROUTINE XYLFT ( P S ,  S I ,  I X ,  X P ,  Y P ,  X S R l ,  Y I B ,  P ,  SOA,  X I B , H l ,  
1 HO,  B l ,  RSCA,  X ,  Y)
P S I C  = 1 . 5 7 0 7 9 6 3  -  A T A N ( S l )
CALL RANDU ( I X , I Y , R A )
IX l Y
AB = C O S ( P S )  /  S I N ( P S )
IF ( P S  -  P S I C I  5 , 6 , 6
6  I I I  1
I F  ( X S R l  -  X P )  5 , 7 , 7
7 XSR =  XP
HOS = YP
GO TO 8
5 HOS =  HO
XSR =  X S R l
IF ( HOS -  Y I B )  1 , 8 , 8
AB*XSR + (HOS -  P ) * S O A  
AB*X1B + ( Y I B  -  P ) * S O A  
YQMYl /  Y2MY1  
2
8 , 2 0 , 1 0
S O A * ( P  -  H I )  + R A * ( A B * X S R  + (HOS -  P ) » S O A )
1 .  ♦  AB*AB  
B 1 * B 1 * D  -  COA*COA








I F ( ROOT)  2 0 , 2 0 , 2 1  
2 0  I F  ( I I I  -  2 )  2 3 , 2 2 , 2 2
2 3  X
Y
GO TO 1 0 0  
2 2  X
Y
GO TO ICO 
2 1  X
R 0 0 T 2  
IF ( R 0 0 T 2 )  
5 0  Y





»  ( AB*COA -  S Q R T ( R O O T ) )  /  D
*  B l * 8 1  -  X*X
2 0 , 2 0 , 5 0
HI + R S 0 A * S Q R T ( R 0 0 T 2 )
1 0  X = ( ( P  -  l . ) * S O A  + R A * ( A B « X S R  ♦ (HOS -  P ) * S O A ) )
1 /  ( A 8  -  S I )
Y = - S 1 * X * R S 0 A  + l .
1 0 0  RETURN 
END
SUBROUTINE XYRIT ( P S ,  I X ,  HOS,  Y 2 B ,  P ,  RS OA,  X 2 B ,  X S R,  SOA,  XOA,
I H 2 ,  8 2 ,  X ,  Y)
AB =  C U S I P S )  /  S I N ( P S )
CALL RANDU ( I X , I Y , R A )
I X  = l Y
I F  (HOS -  Y2 B )  1 , 1 0 , 1 0  
I Y2MY1 = (P  -  HOS)  + A B * ( 1 .  -  X S R ) * R S O A
YQMYl = ( Y 2 B  -  HOS)  + A B * ( X 2 B  -  X S R ) * R S O A
RBAR = YQMYl /  Y2MYI
I F  (RA -  REAR)  8 , 9 , 1 0
8  X = ( SQA»XOA + ( I .  -  X O A ) * ( A B * X S R  ♦ HOS*SOA + RA*
1 ( A B * ( l .  -  XSR)  *  S O A * ( P  -  H O S ) ) ) ) /  ( SOA + A B * ( 1 .  -  XOA) )
Y =  I .  -  ( I .  -  X)  /  ( 1 .  -  XOA)
GO TO ICO
9 X = X2B
Y =  Y2B î:;
GO TO 1 0 0
1 0  GOA = S OA* ( HOS  -  H 2 )  + AB* XSR + R A * ( A B * ( 1 .  -  XSR)  +
1 S O A * ( P  -  H O S ) )
PARTI  = AD»COA f  1 .
PART2 =  COA*COA + 1 .  -  B 2 * B 2
0  1 .  + AB*AB
ROOT = P A R T I * P A R T 1  -  D* PART2
I F ( ROOT)  2 0 , 2 0 , 2 1
2 0  X 1 .
Y =  P
GO TO 1 0 0
2 1  X = ( P A R T I  -  SORT ( R O O T ) )  /  0
R 0 0 T 3  =  B 2 * B 2  -  ( 1 .  -  X ) * ( l .  -  X)
I F  ( R 0 0 T 3 )  9 , 9 , 3 0 0
3 0 0  Y = H2 *  R S 0 A * S Q R T ( R 0 0 T 3 I
1 0 0  RETURN 
END
SUBROUTINE SURF-2 ( X ,  Y ,  P ,  SOA,  I X ,  X I ,  H I ,  B l ,  S I ,  A N Y , ANX, B NY,  
1 B N X , X 0 A , X 3 ,  S 2 ,  H 2 ,  B 2 ,  RSOA)
PL = RSOA*(  S Q R T d .  + RSOA*RSOA)  -  RSOA)
IF ( P - P L )  1 0 2 , 9 , 9
1 0 2  I F  ( X 3 . L T . X Q A . A N D . X 0 A . L T . X 1 ) GO TO 1 0 1  
I F  ( X O A . L T . X l )  GO TO 2 0 1  
IF ( X 3 . L T . X C A )  GO TO 3 0 1  
GO TO 9
1 0 1  XIC =  SURT ( B 1 * B 1  -  H 1 * H 1 * S 0 A * S 0 A )
X2C =  1 .  -  S Q R T ( B 2 * B 2  -  H 2 * H 2 * S 0 A * S 0 A )
I F  I X . L T . X I C )  GO TO 10
I F  ( X . L T o X Z C )  GO TO 6 0 0
GO TO 6 0
2 0 1  XIC = SORT * B 1 * B 1  -  H 1 * H 1 * S 0 A * S 0 A )
IF ( X . L T . X I C )  GO TO 1 0
I F  ( X . L T . X O A )  GO TO 6 0 0
I F  ( X . L T . X 3 )  GO TO 5 0  
GO TO 6 0
3 0 1  X2C = 1 .  -  S 0 R T ( H 2 * B 2  -  H 2 * H 2 * S 0 A * S 0 A )
I F  I X . L T . X l )  GO TO 1 0  
I F  ( X . L T . X O A )  GO TO 30
I F  ( X . L T . X 2 C )  GO TO 6 0 0
GO TO 6 0  
9  I F  ( X - X l  ) 1 0 , 1 0 , 2 0
1 0  BNX = X /  B l
BNY = ( ( Y -  H I )  /  B l ) * S O A
GO TO 1 0 0  
2 0  I F  IX -  XOA) 3 0 , 3 0 , 4 0  
3 0  BNX = ANX
BNY = ANY
GO TO ICO 
4 0  I F  I X -  X3 ) 5 0 , 5 0 , 6 0  
5 0  T2  = A T A N I S 2 )
BNX = - S I N ( T 2 )
BNY = C 0 S ( T 2 )
GO TO 1 0 0
6 0 BNX = - I  1
BNY = t (  Y
GO TO 1 0 0
6 0 0 BNX - 0 . 0
BNY = 1 . 0
Y = 0 . 0
1 0 0 RETURN
END
-  X) /  B2  
-  H 2 ) / B 2 ) * S 0 A
00
SUBROUTINE REFI T (YN , Z N  , P  , R Y , R Z , P S I R )
VI  = S IN { P )
ZI  =  - C O S ( P )
R Y  = ( l . - 2 . » Y N * Y N ) * Y I  -  2 . * Z N * Y N * Z I
R l  = - 2 . * Y N * Z N * Y I + ( l . - 2 . * Z N * Z N ) * Z I
I F  ( R Y )  3 0 , 3 0 . 3 1
3 0  I F ( R Z )  3 2 , 3 3 , 3 3
3 2  P S I R  =  - ( 1 8 0 . 0  - ( A T A N (R Y / R Z » ) * 5 7 . 2 9 5 7 8 )
GO TO ICO
3 3  P S I R  = A T A N ( R Y / R Z ) * 5 7 . 2 9 5 7 8
GO TO ICC
31 I F  (RZ) 3 4 , 3 5 , 3 5
3 4  P S I R  =  1 8 0 . + ( A T A N ( R Y / R Z ) ) * 5 7 . 2 9 5 7 8
GO TO 1 0 0
3 5  P S I R  = ( A T A N ( R Y / R Z ) ) * 5 7 . 2 9 5 7 8
1 0 0  RETURN
END
1 2 0
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CL lU  Z  
o C  QC q C U i
SUBROUTINE RTOL( SOA# P# XP# YP ,  XOA,  S I ,  S 2 #  H I ,  H 2 , 8 1 ,  8 2 ,
1 X I ,  X 3 ,  P R ,  RSOA,  Y I B ,  Y 2 B )
XI B = XI
X2B = X3
P S  PR /  5 7 . 2 9 5 7 8
R =  I C O S I P S I  /  S I N I P S ) )
I F  l Y P  -  Y 2 B ) 5 , 5 , 1 0
5  P S I L  =  - 1 1 . 5 7 0 7 9 6  + A T A N ( S 2 ) )
GO TO 7
1 0  P S I L  = - 1 1 . 5 7 0 7 9 6  + A T A N ( ( ( 1 .  -  X P ) / ( Y P  -  H 2 ) >  *  R S O A ) )
7  I F  I P S  -  P S I L )  9 0 , 6 , 6
6  IF l Y l B  -  YP)  2 4 , 2 1 , 2 2
2 1  P S I R  = - 1 . 5 7 0 7 9 6
GO TO 2 3
2 2  P S I P  = - A T A N  ( ( ( X P  -  X 1 B ) / ( Y 1 B - Y P ) ) * R S 0 A  )
GO TO 2 3
2 4  P S I P  = - ( 1 . 5 7 0 7 9 6  f  A T A N ( ( ( Y P  -  Y 1 B ) / ( X P  -  X 1 R ) ) * S 0 A I )
2 3  AL =  A T A N ( ( ( Y P  -  H I ) /  X P ) * S O A )
Q2 = XP* XP + ( YP - H 1 ) * ( Y P  -  H 1 ) * S 0 A * S 0 A
BE = ATAN ( B l  /  S Q R T ( U 2  -  B 1 * B D )
P S I P P  = - (  1 . 5 7 0 7 9 6  -  ( BE -  A D )
IF ( P S  -  P S I P )  2 0 , 2 0 , 3 0
2 0  XC -= ( SOA -  YP*SOA + R* XP)  /  ( R  + S I )
YC -  R * ( X C  -  X P ) * R S O A  + YP
GO TO 6 0
3 0  I F  ( P S  -  P S I P P )  4 0 , 4 0 , 5 0
4 0  PARTI  = R*XP -  ( YP -  H 1 ) * S 0 A
D = 1 .  + R*R
ROOT = B 1 * B 1 * D  -  P A R T l t P A R T l
I F  ( ROOT)  5 0 , 4 2 , 4 3
4 3  XC =  ( R * P A R T l  + S Q R T ( R O O T ) ) /  D
GO TO 4 4
4 2  XC = R* PART1  /  D
4 4  YC = R * ( X C  -  X P ) * R S O A  + YP
GO TO 6 0
5 0  XC =  0 . 0
YC = 1 .  + P
GO TO 6 0  
9 0  W R I T E ! 3 , 1 1 1 )  PR , P S I L  
I I I  FORMAT ( 5 X , *  HECK -  P S = ' , F 1 0 . 5 ,  3 X ,  ' AND P S I L = * , F 1 0 . 5 )




SUBROUTINE LTOR ( SOA,  P ,  X P ,  Y P ,  XOA,  S I ,  S 2 ,  H i ,  H 2 ,  B l ,  B 2 ,
1 X I ,  X 3 ,  P R ,  RS OA ,  Y I B ,  Y 2 B )
XI B  = XI
X2B = X3
P S  PR /  5 7 . 2 9 5 7 8  ^
R =  ( C O S ( P S )  /  S I N ( P S ) ]  K
I F  ( YP  -  Y 1 B ) 5 , 5 , 1 0
5  P S I L  = 1 . 5 7 0 7 9 6  *  ATAN ( S I )
GO TO 7
1 0  P S I L  ^  1 . 5 7 0 7 9 5  + A T A N ( ( X P /  ( YP -  H 1 ) ) * R $ 0 A )
7 I F  ( P S  -  P S I L )  6 , 6 , 9 0
6  I F  I Y 2 B  -  Y P )  2 4 , 2 1 , 2 2
2 1  P S I P  = 1 . 5 7 0 7 9 6
GO TO 2 3
2 2  P S I P  =  A T A N ( ( ( X 2 B  -  X P )  /  I Y 2 B  -  Y P ) ) * R S O A )
GO TO 2 3
2 4  P S I P  = 1 . 5 7 0 7 9 6  + A T A N ( ( ( Y P  -  Y 2 B )  /  ( X 2 B  -  X P ) ) * S O A )
2 3  AL = ATAN ( ( ( H2 -  Y P )  /  I I .  -  X P ) )  *  SOA)
Q2 = I H 2 - Y P ) * ( H 2 - Y P ) » S 0 A * S 0 A  + ( 1 . - X P ) ♦ ( 1 . - X P )
BE = ATAN ( B 2  /  SQRTI Q2  -  8 2 * 8 2 ) )
P S I P P  =  1 . 5 7 0 7 9 6  -  (AL ♦  BE)
I F  I P S  -  P S I P )  3 0 , 2 0 , 2 0  
2 0  XC = ( SOA -  YP * S OA -  S 2  + R * X P )  /  ( R -  S 2 )
YC =  R * I XC -  X P ) » R S O A  + YP
GO TO 6 0  
3 0  I F  I P S  -  P S I P P )  5 0 , 4 0 v 4 0
4 0  PARTI  = 1 .  + R* R* XP -  ( Y P  -  H 2 ) * R * S 0 A
D = R*R 4- 1 .
PART2 = R * R * X P * X P  + 1 .  -  B 2 * B 2  -  2 . * ( Y P - H 2 ) * R * X P * S 0 A  +
l  ( Y P - H 2 ) * ( Y P - H 2 ) * S U A » S 0 A  
ROOT = PART1 * PART1  -  0 * P A R T 2
I F ( ROOT)  5 0 , 4 2 , 4 3
4 3  XC = ( P A R T I  -  S Q R T ( R O O T ) )  /  0
GO TO 4 4
4 2  XC =  PARTI  /  D
4 4  YC R * ( X C  -  X P ) * R S O A  + YP 
GO TO 6 0
5 0  XC = 1 . 0
YC 1 .  + P
GO TO 6 0  
9 0  W R I T E ( 3 , l l l )  PR , P S I L  
1 1 1  FORMAT ( 5 X , *  HECK -  P S = ' , F 1 0 . 5 ,  3 X ,  'AND P S I L = » , F 1 0 . 5 )
6 0  XP =  XC




SUBROUTINE SELEC ( K, PS I , PS I M 5 , PS I P 5 , KK) 
DI MENSI ON K ( 4 0 )  ,K K (1 0 )
I = A B S ( P S I )  /  5 .
I F  ( P S I )  1 , 1 , 2  
1 M = 2 * 1  + 2
K{M) + 1K(M)
GO TO 3 
M
KIM)
2 * 1  +  1 
KIM) + 1
3 I F < P S  I . G T - P S I M 5 , a n d . P S I . L T . P S I P S )  
6  RETURN
4  MM = P S I  -  P S I M 5  + 1 .




SUBROUTINE COUNT (K ,  RAT)  
DI MENSI ON K ( 4 0 ) , D ( 4 0 ) ,  RATI 4 0 )  
J -  1
DO 1 0  1 = 1 , 3 6
D I F  =  K I J )  -  K < I )
I F  ( D I F )  9 , 9 , 1 0  
9  J = I
1 0  CONTINUE
D ( J )  = K I J )
DO 2 0  K I = l , 3 6  
D I K l )  = K I K l )
R A T I K l )  = D I K l )  /  D ( J )




SUBROUTINE RANDU! I X ,  l Y ,  YFL)  
l Y  IX *  6 5 5 3 9
I F  ( l Y )  5 , 6 , 6
5 l Y  l Y + 2 1 4 7 4 8 3 6 4 7  + I
6  YFL = l Y
YFL = YFL *  0 . 4 6 5 6 6 1 3 E - 9
RETURN
END
SUBROUTINE GAUSS ( I X , S , A M , V )
A = 0 . 0
DO 5 0  1 = 1 , 1 2
CALL RANDU I 1 X , I Y , Y >
I X =  lY
5 0  A =  A + Y
V =  ( A - 6 . 0 ) * S  + AM K
RETURN
SAMPLE DATA
1 , 0  0 . 1  0 , 6  1 0 , 0  0 . 1  4 . 0
1 1 1 1  lOOOC 1 0 0 0  1 0 0 0  0 , 1 5
SAMPLE OUTPUT
SIGMA /  LAMOA = 0 . 1 0 0 0 0




A 8S . INDEX = 4 . 0 0 0 0 0
1 0 .0 0 0 0 0
0 . 6 0 0 0 0
0 .1 0 0 0 0
AFTER. 200 BUNDLES .  THE REFLECTED DISTRIBUTION IS  AS FOLLOWS
REGIONS 1 
20 
0 .  709
3 5 
26  25 
1 .0 0 0  0 . 9 6 2
7
2 3
0 . 8 8 5
9
14
0 . 5 3 8
11 13 15 
9  9 4 
0 . 3 4 6  0 . 3 4 6  0 . 1 5 4
17 1 9  21 
4  3  2 






3 . 0 3 3
27
1
3 . 0 3 8
29
1

















12 14 16 
1 0  0
18 20  22  















0 . 6 9 2 0 . 6 5 4  0 . 3 4 6 0 . 1 5 4 0 . 1 1 5 0 . 0 3 8  0 . 0  0 . 0 0 . 0 3 8  0 . 0  0 . 0 0 . 0 0 . 0 0 . 0 0 . 0 0 . 0 0 . 0 0 . 3
5 . 0 0 0 0 0  15.0CCC0 50 40 20 103 50 40 50 50 60 50
LOSS NUMBER THROUGH THE SURFACE 5
ESCAPE NUMBER AFTER 1 
e s c a p e  NUMBER AFTER 2 
ESCAPE NUMBER AFTER 3
REFLECTION
REFLECTIONS




E S C A P E  NUMBER A F T E R  4  














REFLECTED DISTRIBUTION i 
9 11 13 15 
32 2 6  17 7
IS AS FOLLOWS
















0 . 8 8 9 0 . 8 8 9  1 . 0 0 0 0 . 8 7 0 0 . 5 9 3 0 . 4 8 1  0 . 3 1 5  0 . 1 3 0 0 . 1 3 0  0 . 0 5 6  0 . 0 3 7 0 . 0 0 . 0 3 7 0 . 0 1 9 0 . 0 3 7 0 . 0 1 9 0 . 0 0 . 0
REGIONS 2 4  6 8 10 12 14 16 18 20  22 2 4 26 28 30 32 34 36
33
0 . 6 1 1
24 13 
0 . 4 4 4  0 . 2 4 1
12
0 . 2 2 2
6
0 .  I l l
1 3  0 
0 . 0 1 9  0 . 0 5 6  0 . 0
1 0  0 












0 . 0 0 . 3
3
5 . 0 0 0 0 0  1 5 .0 0 0 0 0  100 70 60 180 70 80 130 130 120 83
LOSS NUMBER THROUGH THE SURFACE 10
ESCAPE NUMBER AFTER 1 REFLECTION 386
E SC A P_E_ NUM BER AFTER 2 REFLECTIONS_______ 3
ESCAPE NUMBER AFTER 3 REFLECTIONS 1
ESCAPE NUMBER AFTER 4 REFLECTIONS 0
number  TRAPPEC i n  THE V-GROOVE___________ 0
APPENDIX h
DETERMINATION OF THE IN-SURFACE PARAMETERS
The d i s c u s s i o n  t h a t  fo l lo w s  i s  r e p r e s e n t a t i v e  o f  o n ly  a f i r s t  
a p p ro x im a t io n  to  d e te rm in e  by e x p e r im e n ta t io n  th e  p a ra m e te r  a and a f l a t ­
n e s s  p a ra m e te r  in t r o d u c e d  in  C h ap te r  V.
C o n s id e r  a  rough s u r f a c e  a s  p r e s e n t e d  in  F ig u re  D-1. The t o t a l  
m a c ro s c o p ic  s u r f a c e  a r e a  i s  A^ w i th  A r e p r e s e n t i n g  th e  a r e a  o f  A^ th a t  i s  
e f f e c t i v e l y  f l a t .  Assume a un ifo rm  m o n o d i r e c t io n a l  r a d i a n t  f l u x ,  F, i n ­
c id e n t  on th e  s u r f a c e  a t  some a n g le  \jr. The inc rem en t  o f  i n c i d e n t  energy 
t h a t  w i l l  make a  c o n t r i b u t i o n  to  th e  n o n - r e g u la r  component i s
dE = FdA cos iji (D-1)
Thus t h e  r a d i a n t  i n t e n s i t y  upon r e f l e c t i o n  i s
d j  = ^  g(i)(;0,cp) dE
where R i s  a  r e f l e c t i o n  c o e f f i c i e n t  and g(\jf;9,cp) i s  a  d i s t r i b u t i o n  p a r a ­
m e te r .  So th e  t o t a l  c o n t r i b u t i o n  to  th e  r a d i a n t  i n t e n s i t y  due to  the  non­
r e g u l a r  component from an i s o t r o p i c  s u r f a c e  i s
J  = dJ  = J ~  g ( t | f ,  9,<p) F cos  i|f dA 
IFA .
g(i!f,e,cp) ■ Â“ )  c o s  $




F ig u re  D-1. Schem atic  o f  Rough S u r fa c e
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RFA ^
- g(ilf;0.cp) COS * ^1 -  -
0
The increm en t  o f  i n c i d e n t  energy  t h a t  w i l l  c o n t r i b u t e  to  th e  r e g -
RFA , A \
= Jdu) = — ÿ ; 6 , ç j cos \jf —  (D-2)
u l a r  component i s  o f  th e  form o f  e q u a t io n  (D-1). The r e f l e c t e d  energy  i s  
th en
pdE = pF A cos i[r
T h e r e f o r e ,  th e  t o t a l  energy  r e c e iv e d  i s  
E = 6(* - 0) 6(cp)
RFAo g(\jf;0,cp) ^1 -  cos i|; d(u
IT  .  _ _ o
+ pF A cos ijt 0(\|f -  9) 6(cp)
T h u s  R  =  r f — ^  ( l  - . 4 ^ )  ( b +  4 6  6 ( *  -  9 )  6 ( c p )
o  ̂ o o
I f  è = 6 and # = 0
I = f— (l _ MjbJb l̂Éiî ) + MiWÆÉül
p  L A q  \  pTT y  pTT J
- ,  R g(ü ,^ ,0 )dw
'P  _en\  i . Mitdump. ( ° - 3)
PTT
By r e q u i r i n g  a sm a l l  a c c e p ta n c e  a n g le
L . • R
'or  = p (D-4)
T h is  a p p ro x im a t io n  shou ld  be q u i t e  good f o r  m e ta ls  s in c e  R ~  p. For non- 
m e t a l s ,  E q u a t io n  (D-4) may n o t  be v e ry  good s in c e  R > p. The q u a n t i t i e s  
R and  p a r e  th e  g e n e ra l  and i d e a l  r e f l e c t i o n  c o e f f i c i e n t s  f o r  th e  m a t e r i a l  
o f  i n t e r e s t .
The d e te r m in a t io n  o f  th e  q u a n t i t y  R from an a n a l y s i s  such a s  MCR
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m ust be hand led  c a r e f u l l y  and a t  t h i s  p o in t  may be done on ly  in  a p p r o x i ­
m ate  f a s h io n .  The a c t u a l  n o n - r e g u la r  r e f l e c t e d  d i s t r i b u t i o n  i s  no t known.
2 2 kA d i f f u s e  a p p ro x im a t io n  o f  N cos  (9 +  cp ) i s  q u i t e  m a th e m a t ic a l ly  u n ­
w ie ld y .  For t h e  a n a l y s i s  t h a t  f o l lo w s ,  a p a r a b o l i c  ap p ro x im a t io n  w i l l  be  
u s e d .  The t o t a l  number o f  energy  b u n d le s  r e f l e c t e d  in to  t h e  hem isphere
above th e  specimen s u r f a c e  i s  
r> rr m
= 4N Î  r  n  .  4  e 2 ) i  ( D - 5 )
o J o  L n
= 1 .228  N , m = / t  - cp̂
From th e  MCR a n a l y s i s  o n ly  10,000 o f  th e  t o t a l  N.j, were r e c e iv e d  betw een a  
r an g e  o f  0 o f  90° t o  -9 0 °  and th e  ran g e  o f  cp o f  2 .5 °  to  - 2 . 5 ° .  Changing 
th e  cp l i m i t s  on e q u a t io n  (D-5) d e f i n e s  N to  be a p p ro x im a te ly  10^. T h e re -
5
f o r e  N.J, i s  a p p ro x im a te ly  1 .2  X 10 . Using t h e  d a ta  from F ig u re  5 -6 ,  a p ­
p ro x im a te ly  6 ,5 0 0  en e rg y  b u n d le s  w ere  r e c e iv e d  a b o u t  th e  r e g u l a r  r e f l e c t i o n  
a n g le  ( i . e .  1 ,500  from t h e  n o n - re g u la r  component and 5 ,000 from th e  r e g u ­
l a r )  . Thus
 ̂ ■ ï l t f i ô  -
The r e f l e c t a n c e  o f  n i c k e l  in  th e  w ave leng th  r e g io n  where t h i s  d a ta  was 
ta k e n  i s  of t h e  o r d e r  o f  0 .8 .
A = 0.065A o
Thus f o r  the  p a r t i c u l a r  example p r e s e n t e d ,  a p p ro x im a te ly  6% o f  th e  t o t a l  
a r e a  o f  the  s u r f a c e  i s  c o n t r i b u t i n g  d i r e c t l y  to  th e  r e g u l a r  component.
As s t a t e d  p r e v i o u s l y ,  t h i s  a n a l y s i s  i s  a g ro s s  a p p ro x im a t io n  and  
p ro b a b ly  somewhat p re m a tu re .  That i s ,  t h i s  r e s e a r c h  was con d u c ted  so a s  
t o  a i d  in  th e  developm ent o f  a  more g e n e ra l  th e o r y  o f  r e f l e c t i o n  and t h i s
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coming th e o ry  m ust be  u sed  t o  c a r r y  o u t  an  a n a l y s i s  of th e  form p r e s e n te d  
h e r e .
